Recent Progress with
Cylindrical Algebraic Decomposition

Matthew England
Coventry University

Includes joint work with:
Russell Bradford, James Davenport, David Wilson (University of Bath),
Scott McCallum (Macquarie University),
Lawrence Paulson and Zongyan Huang (University of Cambridge),
Marc Moreno Maza (Western University),
Changbo Chen (Chinese Academy of Sciences)

Applied Algebra Mini-Workshop
University of Oxford, 3rd June 2016

Matthew England Recent Progress with CAD



Cylindrical Algebraic Decomposition
Why Build a CAD?

What is

A Cylindrical Algebraic Decomposition (CAD) is a mathematical
object (but commonly refers also to an algorithm which creates
one). Defined in the 1970s by George Collins who also gave the
first CAD algorithm.
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@ a decomposition meaning a partition of R” into connected
subsets called cells;

@ (semi)-algebraic meaning that each cell can be defined by a
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Cylindrical Algebraic Decomposition
Why Build a CAD?

What is a

A Cylindrical Algebraic Decomposition (CAD) is a mathematical
object (but commonly refers also to an algorithm which creates
one). Defined in the 1970s by George Collins who also gave the
first CAD algorithm. A CAD is:

@ a decomposition meaning a partition of R” into connected
subsets called cells;

@ (semi)-algebraic meaning that each cell can be defined by a
sequence of polynomial equations and inequations.

@ cylindrical meaning the cells are arranged in a useful manner -
their projections (relative to a given variable ordering) are
either equal or disjoint.
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Cylindrical Algebraic Decomposition
Why Build a CAD?

Traditionally a CAD is
produced from a set of
polynomials such that each
polynomial has constant
sign (positive, zero or
negative) in each cell. Such
a CAD is said to be

sign-invariant.
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produced from a set of
polynomials such that each
polynomial has constant
sign (positive, zero or
negative) in each cell. Such
a CAD is said to be
sign-invariant.

E.g. A CAD produced to be
sign-invariant for the

polynomial f := x? +y? —1 _
will commonly have 13 cells. 5 -2
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Cylindrical Algebraic Decomposition
Why Build a CAD?

Projection: Apply an operator to the input polynomials in R” to
receive a set in R"~1. Repeat.

Base: Build CAD of R! sign-invariant for univariate polynomials by
isolating their real roots.

Lifting: Identify cells in R? by: taking each cell in R; evaluating
bivariate polynomials at sample point; isolating real roots. Repeat.

R"? R"
Projection I
Rnfl Rnfl
| i
|
|
\ Base |
R? R!
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Cylindrical Algebraic Decomposition
Why Build a CAD?

Projection: Apply an operator to the input polynomials in R” to
receive a set in R"~1. Repeat.

Base: Build CAD of R! sign-invariant for univariate polynomials by
isolating their real roots.

Lifting: Identify cells in R? by: taking each cell in R; evaluating
bivariate polynomials at sample point; isolating real roots. Repeat.

The key mathematics is proving

R" R"
that working at a sample point
Projection . . .
guarantees sign-invariance over
Rr-1 R-1 whole cell. Requires appropriate
‘ Lifting '€ ¢ q pprop
: | projection operator (usual
¥ Base | ingredients: resultants,
R? R?

discriminants and coefficients).
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Cylindrical Algebraic Decomposition
Why Build a CAD?

The original motivation for CAD was Quantifier Elimination (QE).

Given a polynomial formula with quantifiers V (for all) or 3 (there
exists) QE means identify an equivalent quantifier free formula.
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The original motivation for CAD was Quantifier Elimination (QE).

Given a polynomial formula with quantifiers V (for all) or 3 (there
exists) QE means identify an equivalent quantifier free formula.

Bx)(x*+ax+b=0) <= a°>—4b>0

A CAD for the polynomials involved can perform QE over real
numbers;
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Cylindrical Algebraic Decomposition
Why Build a CAD?

The original motivation for CAD was Quantifier Elimination (QE).

Given a polynomial formula with quantifiers V (for all) or 3 (there
exists) QE means identify an equivalent quantifier free formula.

Bx)(x*+ax+b=0) <= a°>—4b>0

A CAD for the polynomials involved can perform QE over real
numbers; thus solve problems throughout engineering & science.

@ derivation of optimal numerical schemes (Erascu-Hong, 2014)
artificial intelligence (Todai Robot Project)
automated theorem proving (Paulson, 2012)
parametric optimisation (Fotiou et al., 2005)
automated loop parellisation (Grosslinger et al. 2006)
epidemic modelling (Brown et al., 2006)
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Recent Progress with CAD

Rather than sign-
invariance for
polynomials we really
need truth-invariance
for formulae.

One approach looks for
savings from equational
constraints (equations
implied by input).

We recently extended
to multiple formulae
producing Truth-Table
Invariant CADs.

CAD for Boolean Formulae
Other Improvements
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CAD for Boolean Formulae
Recent Progress with CAD Other Improvements

Branch cut

When does vz2 — 1V/z2 +1 = vZz4 — 17

We can answer by:
@ Identifying
branch cuts
algebraically;
© Decomposing
with CAD
(or better
TTICAD);

© Testing sample
points.
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CAD for Boolean Formulae
Recent Progress with CAD Other Improvements

Improved

ISSAC 15 Example
1,118,205 cells
reduced to:

e 11,961,
30,233,
158,475 or
158,451 cells;

1999: McCallum produces operator for
first projection only.

depending on EC
designation.
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Improved

ISSAC 15 Example
1,118,205 cells
reduced to:

e 11,961,
30,233,
158,475 or
158,451 cells;

@ 21,079 cells by
default, (as
low as 5633);

1999: McCallum produces operator for
first projection only.

2001: McCallum describes how to
propagate and use ECs in
subsequent projections.

depending on EC
designation.
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Improved (

1999: McCallum produces operator for
first projection only.

2001: McCallum describes how to
propagate and use ECs in
subsequent projections.

2015: England-Bradford-Davenport:

@ corresponding improvements
to lifting stage;

@ prove that double exponent
of complexity in m falls by
number of ECs used.

CAD for Boolean Formulae

ISSAC 15 Example
1,118,205 cells
reduced to:

e 11,961,
30,233,
158,475 or
158,451 cells;

@ 21,079 cells by
default, (as
low as 5633);

e 113, 103
or 93 cells;

depending on EC
designation.
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Recent Progress with CAD

CAD for Boolean Formulae

Other Improvements

1999: McCallum produces operator for

2001:

2015:

2016:

first projection only.

McCallum describes how to
propagate and use ECs in

subsequent projections.

England-Bradford-Davenport:

@ corresponding improvements

to lifting stage;

@ prove that double exponent
of complexity in m falls by
number of ECs used.

Davenport-England: Use of GBs
to reduce double exponent of

complexity in d also.

ISSAC 15 Example
1,118,205 cells
reduced to:

e 11,961,
30,233,
158,475 or
158,451 cells;

@ 21,079 cells by
default, (as
low as 5633);

e 113, 103
or 93 cells;

depending on EC
designation.
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CAD for Boolean Formulae
Recent Progress with CAD Other Improvements

Other recent improvements to CAD include:

@ Symbolic-Numeric lifting using interval arithmetic
(SyNRAC team at Fujitsu)

Non-Uniform CAD (Chris Brown at US Naval Academy)

Single CAD cell construction
(Jovanovic and de Moura at Microsoft)

CAD by Regular Chains.

Heuristics for CAD problem formulation.
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CAD for Boolean Formulae
Other Improvements

Recent Progress with CAD

< 2009 All CAD research involved projection & lifting in R”.

R" NG
: . ]R”_l Rn—l
Projection : K -
v |
Rl > Rl
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CAD for Boolean Formulae
Recent Progress with CAD Other Improvements

< 2009 All CAD research involved projection & lifting in R".
ISSAC 2009: Chen, Moreno Maza, Xia & Yang give new approach.

CCD
cn c"
[ RC-CAD RRI
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o RrRA-1 - Rn-1
Projection PL-CAD R -
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Introduction CAD for Boolean Formulae
Recent Progress with CAD Other Improvements
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Introduction CAD for Boolean Formulae
Recent Progress with CAD Other Improvements

Constraint order

This simplified version of the example has four different constraint
orderings and associated cells counts ranging from 25 to 81.

_— 2 Q ;

@ﬁ@; 1

<
<

> _— | PN
N
—— —} \‘-\

Matthew England Recent Progress with CAD



CAD for Boolean Formulae
Recent Progress with CAD Other Improvements

How best to formulate problems
for CAD:

@ Variable ordering?
@ Which EC to designate?

@ Order in which to process
constraints (for RC-CAD)?

@ Precondition?

Several heuristics developed

including machine learned choices  This is a simple example (3 — 11

(support vector machines). cells). But it can change
complexity from constant to
doubly exponential!
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CAD for Boolean Formulae
Recent Progress with CAD Other Improvements

. in James Davenport's talk.

Contact Details

Matthew.England@coventry.ac.uk

http://computing.coventry.ac.uk/~mengland/

References are on the following slides.
Slides available to download from website.

Thanks for listening!
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Original CAD Algorithm

[A D. Arnon, G.E. Collins and S. McCallum
Cylindrical Algebraic Decomposition I: The Basic Algorithm
SIAM Journal of Computing, 13:4, 865-877, 1984

CAD Applications

[ M. Erascu and H. Hong
Synthesis of Optimal Numerical Algorithms using Real
Quantifier Elimination (Case Study: Square Root
Computation)
Proc. ISSAC '14, 162-169, ACM, 2014.
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Referenc

[ L.C. Paulson
MetiTarski: Past and Future
Interactive Theorem Proving (LNCS 7406), 1-10, Springer,
2012.

[ I.A. Fotiou and P.A. Parrilo and M. Morari
Nonlinear parametric optimization using cylindrical algebraic
decomposition
Proc. CDC-ECC '05, 3735-3740, 2005.

[§ A. Grosslinger and M. Griebl and C. Lengauer
Quantifier elimination in automatic loop parallelization
Journal of Symbolic Computation, 41:11, 1206-1221, 2006
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Referenc

[1 C.W. Brown and M. El Kahoui and D. Novotni and A. Weber
Algorithmic Methods for Computing Threshold Conditions in
Epidemic Modelling
Proc. CASC '04, 51-60, 2004.

Equational Constraints

[ G.E. Collins
Quantifier elimination by cylindrical algebraic decomposition —
20 years of progress
Quantifier Elimination and Cylindrical Algebraic
Decomposition, B. Caviness and J. Johnson eds., Texts &
Monographs in Symbolic Computation 8-23, Springer-Verlag,
1998.
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[ S. McCallum
On projection in CAD-based quantifier elimination with
equational constraint
Proc. ISSAC '99, 145-149, ACM, 1999

[ S. McCallum
On propagation of equational constraints in CAD-based
quantifier elimination
Proc. ISSAC '01, 223-231, ACM, 2001

[ M. England, R. Bradford and J.H.Davenport
Improving the use of equational constraints in cylindrical
algebraic decomposition.
Proc. ISSAC '15, pages 165-172, ACM, 2015.
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Referenc

[ M. England and J.H. Davenport
The complexity of cylindrical algebraic decomposition with
respect to polynomial degree
Under Preparation

TTICAD

[ R. Bradford, J.H.Davenport, M.England, S.McCallum and
D.Wilson
Cylindrical algebraic decompositions for boolean combinations.
Proc. ISSAC '13, pages 125-132, ACM, 2013.

[§ R. Bradford, J.H.Davenport, M.England, S.McCallum and
D.Wilson
Truth table invariant cylindrical algebraic decomposition.
Journal of Symbolic Computation, 76, 1-35, 2016
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Referenc

Heuristics

[ M. England.
Formulating problems for real algebraic geometry.
Proc. XIV Encuentros de Algebra Computacional y
Aplicaciones 2014 (EACA '14), pages 107-110, 2014.

@ Z. Huang, M. England, D. Wilson, J.H. Davenport, L.C.
Paulson and J. Bridge.
Applying machine learning to the problem of choosing a
heuristic to select the variable ordering for cylindrical algebraic
decomposition.
Proc. CICM '14 (LNCS 8543), pages 92-107, Springer, 2014.
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CAD by Regular Chains

[§ C. Chen and M. Moreno Maza and B. Xia and L. Yang
Computing cylindrical algebraic decomposition via triangular
decomposition
Proc. ISSAC '09, 95-102, ACM, 2009

[ R. Bradford, C. Chen, J.H.Davenport, M.England, M.Moreno
Maza and D.Wilson
Truth Table Invariant Cylindrical Algebraic Decomposition by
Regular Chains.
Proc. CASC '14 (LNCS 8660), pages 44-58, Springer, 2014.
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