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Context: Computer Algebra and Symbolic Computation
Computer Algebra Systems (CASs): software with the ability to
manipulate mathematical expressions similar to the traditional
manual computations of mathematicians. E.g. Macaulay2,
Mathematica, Maple and Sage.

The implementation side of the field of Symbolic Computation:
study and development of algorithms and software for
manipulating mathematical expressions and objects.

CAD traditionally: studied as symbolic computation (but involves
some algebraic geometry); implemented in computer algebra
(although recently also in in SAT/SMT solvers). Bear in mind:

Everything done is symbolic (no floating point − exact
answers using rational and algebraic numbers).
Any pictures are just to illustrate the ideas (they are not part
of the deduction / computation).
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Tarski Formulae

A Tarski Formula is made up of a finite number of atoms
connected by the standard Boolean operators: ∧, ∨ and ¬.
The atoms are statements about the signs of polynomials with
integer / rational coefficients.
The formula may be preceded by quantification statements on
variables.

Fully quantified Tarski formula examples:

Input: ∃x , x2 + 1 > 0
Output:

True

Input: ∀x , x2 + 1 > 0
Output:

True

Input: ∃x , x2 + 3x + 1 > 0
Output:

True

Input: ∀x , x2 + 3x + 1 > 0
Output:

False
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Partially quantified Tarski formulae example

So we have that

∀x , x2 + 1 > 0 is True,

∀x , x2 + 3x + 1 > 0 is False.

What should we expect for this?

Input: ∀x , x2 + bx + 1 > 0
Output:

(−2 < b) ∧ (b < 2)

The answer must depend on b.
The technology we look at
today can answer such
questions automatically.

Matthew England Cylindrical Algebraic Decomposition



Introduction to CAD
CAD Under the Hood

Motivation: Real QE
CAD Definition
Practicalities

Partially quantified Tarski formulae example

So we have that

∀x , x2 + 1 > 0 is True,

∀x , x2 + 3x + 1 > 0 is False.

What should we expect for this?

Input: ∀x , x2 + bx + 1 > 0
Output:

(−2 < b) ∧ (b < 2)

The answer must depend on b.

The technology we look at
today can answer such
questions automatically.

Matthew England Cylindrical Algebraic Decomposition



Introduction to CAD
CAD Under the Hood

Motivation: Real QE
CAD Definition
Practicalities

Partially quantified Tarski formulae example

So we have that

∀x , x2 + 1 > 0 is True,

∀x , x2 + 3x + 1 > 0 is False.

What should we expect for this?

Input: ∀x , x2 + bx + 1 > 0
Output:

(−2 < b) ∧ (b < 2)

The answer must depend on b.

The technology we look at
today can answer such
questions automatically.

Matthew England Cylindrical Algebraic Decomposition



Introduction to CAD
CAD Under the Hood

Motivation: Real QE
CAD Definition
Practicalities

Partially quantified Tarski formulae

So we have that

∀x , x2 + 1 > 0 is True ,

∀x , x2 + 3x + 1 > 0 is False .

What should we expect for this?

Input: ∀x , x2 + bx + 1 > 0
Output:

(−2 < b) ∧ (b < 2)

The answer must depend on b.

The technology we look at
today can answer such
questions automatically.

Matthew England Cylindrical Algebraic Decomposition



Introduction to CAD
CAD Under the Hood

Motivation: Real QE
CAD Definition
Practicalities

Partially quantified Tarski formulae

So we have that

∀x , x2 + 1 > 0 is True ,

∀x , x2 + 3x + 1 > 0 is False .

What should we expect for this?

Input: ∀x , x2 + bx + 1 > 0
Output:

(−2 < b) ∧ (b < 2)

The answer must depend on b.

The technology we look at
today can answer such
questions automatically.

Matthew England Cylindrical Algebraic Decomposition



Introduction to CAD
CAD Under the Hood

Motivation: Real QE
CAD Definition
Practicalities

Partially quantified Tarski formulae

So we have that

∀x , x2 + 1 > 0 is True ,

∀x , x2 + 3x + 1 > 0 is False .

What should we expect for this?

Input: ∀x , x2 + bx + 1 > 0
Output:

(−2 < b) ∧ (b < 2)

The answer must depend on b.

The technology we look at
today can answer such
questions automatically.

Matthew England Cylindrical Algebraic Decomposition



Introduction to CAD
CAD Under the Hood

Motivation: Real QE
CAD Definition
Practicalities

Partially quantified Tarski formulae

So we have that

∀x , x2 + 1 > 0 is True ,

∀x , x2 + 3x + 1 > 0 is False .

What should we expect for this?

Input: ∀x , x2 + bx + 1 > 0
Output:

(−2 < b) ∧ (b < 2)

The answer must depend on b.

The technology we look at
today can answer such
questions automatically.

Matthew England Cylindrical Algebraic Decomposition



Introduction to CAD
CAD Under the Hood

Motivation: Real QE
CAD Definition
Practicalities

Partially quantified Tarski formulae

So we have that

∀x , x2 + 1 > 0 is True ,

∀x , x2 + 3x + 1 > 0 is False .

What should we expect for this?

Input: ∀x , x2 + bx + 1 > 0
Output:

(−2 < b) ∧ (b < 2)

The answer must depend on b.

The technology we look at
today can answer such
questions automatically.

Matthew England Cylindrical Algebraic Decomposition



Introduction to CAD
CAD Under the Hood

Motivation: Real QE
CAD Definition
Practicalities

Partially quantified Tarski formulae

So we have that

∀x , x2 + 1 > 0 is True ,

∀x , x2 + 3x + 1 > 0 is False .

What should we expect for this?

Input: ∀x , x2 + bx + 1 > 0
Output:

(−2 < b) ∧ (b < 2)

The answer must depend on b.

The technology we look at
today can answer such
questions automatically.

Matthew England Cylindrical Algebraic Decomposition



Introduction to CAD
CAD Under the Hood

Motivation: Real QE
CAD Definition
Practicalities

Partially quantified Tarski formulae

So we have that

∀x , x2 + 1 > 0 is True ,

∀x , x2 + 3x + 1 > 0 is False .

What should we expect for this?

Input: ∀x , x2 + bx + 1 > 0
Output:

(−2 < b) ∧ (b < 2)

The answer must depend on b.

The technology we look at
today can answer such
questions automatically.

Matthew England Cylindrical Algebraic Decomposition



Introduction to CAD
CAD Under the Hood

Motivation: Real QE
CAD Definition
Practicalities

Partially quantified Tarski formulae

So we have that

∀x , x2 + 1 > 0 is True ,

∀x , x2 + 3x + 1 > 0 is False .

What should we expect for this?

Input: ∀x , x2 + bx + 1 > 0
Output:

(−2 < b) ∧ (b < 2)

The answer must depend on b.

The technology we look at
today can answer such
questions automatically.

Matthew England Cylindrical Algebraic Decomposition



Introduction to CAD
CAD Under the Hood

Motivation: Real QE
CAD Definition
Practicalities

Partially quantified Tarski formulae

So we have that

∀x , x2 + 1 > 0 is True ,

∀x , x2 + 3x + 1 > 0 is False .

What should we expect for this?

Input: ∀x , x2 + bx + 1 > 0
Output: (−2 < b) ∧ (b < 2)

The answer must depend on b.
The technology we look at
today can answer such
questions automatically.

Matthew England Cylindrical Algebraic Decomposition



Introduction to CAD
CAD Under the Hood

Motivation: Real QE
CAD Definition
Practicalities

Quantifier Elimination

Quantifier Elimination
The Quantifier Elimination (QE) Problem is:
given a Tarski formula as input, find a logically equivalent formula
that does not contain quantifiers.

Eliminating quantifiers also eliminates the quantified variables.
If all variables were quantified then QE returns True or False; if
not an equivalent Tarski formula in the unquantified (free)
variables.

Always possible over the reals (Tarski-Seidenberg theorem).
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Applications of Quantifier Elimination

Tarski showed that every quantified Tarski formula is equivalent to
an unquantified formula defined over the reals (may involve
algebraic numbers). Finding this is called Quantifier Elimination.

QE can solve problems throughout engineering & science. E.g.
derivation of optimal numerical schemes (Erascu-Hong, 2014)
artificial intelligence (Todai Robot Project [AMIA14])
automated theorem proving (Paulson, 2012)
bio-chemical network analysis (Bradford et al., 2017)
automated loop parellisation (Grösslinger et al. 2006)
analysis of economic hypotheses (Mulligan et al., 2018)

...
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How to perform Real QE

Tarski first showed that solving the QE Problem is always possible
in 1948. However his algorithm had worst case complexity that
could not be bound by a finite tower of exponentials!

It has since been proven that real QE is possible with complexity
doubly exponential in the number of quantifier changes [BPR06].
No implemented methods which provide this!

There are various algorithms with good complexity implemented
for restricted classes of input: Virtual Substitution, Comprehensive
Groebner Bases, Critical Points Methods, etc. Good
implementations exist and they should be used when applicable.

But topic of this talk is the only complete, implemented algorithm
for QE: Cylindrical Algebraic Decomposition.
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Idea: Link to Geometry

A Semi-Algebraic Set is a subset of Rn defined by either:
1 a finite sequence (conjunction) of polynomial equations and

inequalities in n variables; or
2 the finite union of such sets.

For example, the following formula satisfies

x2 + y2 − 1 < 0 ∧ y − x > 0 ∧ x > 0

and defines a set corresponding to the blue region.

Every Tarski formula defines a semi-algebraic set.

Acknowledgement: The following slide is inspired by Chris Brown’s 2017
Lecture at the SC2 Summer School in Saabrücken, Germany.
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Logic − Geometry Equivalence
Logic Geometry

Basic Object Tarski Formula Semi-Algebraic Set
Q1x1 . . .QmxmF (x) S ⊆ Rn

x = x1, . . . , xn, m < n

E.g.
Operators ∧,∨,¬ ∩,∪, · · ·

SAT ∃x1, . . . ,∃xnF (x)? S 6= ∅?
Existential QE ∃x1, . . . ,∃xmF (x) πm(S)

Universal QE ∀x1F (x) = ¬∃x1¬F (x) π1(S)

E.g. ∃x2∀x3F (x1, x2, x3) π2(π3(S)))
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Decomposition truth invariant for a formula

A Decomposition of Rn is a sequence of cells Di such that
Di ∩ Dj = ∅, and⋃

i Di = Rn.
We will build decomposition where the cells are semi-algebraic sets.

We desire the decomposition to be truth-invariant for the
quantifier free part of Tarski formula being studied: within any
given cell the formula is either True throughout or False
throughout.

Then the cells can be tagged with truth labels and analysed to
perform QE (and other tasks). The algorithms used to build such
decompositions impose two further conditions on the cells.
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Condition 1 − Cylindrical Cells

Each cell is Cylindrical: It may be described by conditions :
c1(x1), c2(x1, x2), . . . , cn(x1, . . . , xn) where each ci is one of:

`i(x1, . . . , xi−1) <xi

`i(x1, . . . , xi−1) <xi < ui(x1, . . . , xi−1)
xi < ui(x1, . . . , xi−1)
xi = si(x1, . . . , xi−1)

So `i , ui , si are functions in i − 1 variables (constants when i = 1).

Note that projection is particularly easy for such cells.
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Condition 1 - Cylindrical Cells (visualisation)

Each cell is Cylindrical: For example in 3 dimensions
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Condition 2 − Cylindrically Arranged
The decomposition is Cylindrically Arranged if for any two cells
D1,D2, the projections onto Rk , for all k < n, are equal or disjoint.

E.g. the following cylindrical cells are NOT cylindrically arranged:

D1 =
(

y < f (x),
−1 < x < 1

)
D1 =

(
0 < y < g(x),
0 < x < 2

)
×

because their projections onto x overlap.
The following pairs are both cylindrically arranged:

D3 =
(

y < f (x),
−1 < x < 1

)
D4 =

(
0 < y < g(x),
−1 < x < 1

)

D5 =
(

y < f (x),
−1 < x < 1

)
D6 =

(
0 < y < g(x),
1 ≤ x < 2

)
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Condition 2 − Cylindrically Arranged (3d)

The decomposition is Cylindrically Arranged if for any two cells
D1,D2, the projections onto Rk , for all k < n, are equal or disjoint.
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Important Point

Both cylindricity conditions are made with respect to a variable
ordering. If we have ordering x1 ≺ . . . ≺ xn then Condition 2
refers only to the sequence of projections onto (x1, . . . , xk) for k
from 1 to n − 1.

The variable ordering may be restricted or free depending on the
problem at hand. For QE:

We need to be able to project cells onto the unquantified
variables, so these must appear higher in the ordering.
The variables must be ordered as in the quantification;
but we can swap adjacent variables if they are quantified by
the same quantifier (or none at all).

This leaves a degree of choice for CAD. Can have a big effect on
the coarseness of the decomposition and computation time.
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Cylindrical Algebraic Decomposition − Definition

A Cylindrical Algebraic Decomposition is a decomposition of Rn

into semi-algebraic cylindrical cells that are cylindrically arranged.

Originally defined by Collins in 1975. Splitting the cylindricity
condition into two as above is a recent presentation by Brown,
perhaps key for future progress.

Recall that we desire a CAD truth-invariant for the formula of
study. Collins’ original algorithm provides one that is
Sign-Invariant for a set of polynomials: so each polynomial has
constant sign (positive, negative or zero) in each cell.

A CAD sign-invariant for the polynomials in a formula is clearly
truth-invariant (but will likely involve more decomposition than
necessary for truth invariance).
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Example: Circle − semi-algebraic
A CAD of R2 sign invariant for polynomial x2 + y2 − 1 must have
13 cells (under either variable ordering). Assuming we project onto
the x -axis then the semi-algebraic descriptions are as follows:

[x < −1, y = y ],
[x = −1, y < 0], [x = −1, y = 0], [x = −1, y > 0],
[−1 < x < 1, y2 + x2 − 1 > 0, y < 0],
[−1 < x < 1, y2 + x2 − 1 = 0, y < 0],
[−1 < x < 1, y2 + x2 − 1 < 0],
[−1 < x < 1, y2 + x2 − 1 = 0, y > 0],
[−1 < x < 1, y2 + x2 − 1 < 0, y > 0],
[x = 1, y < 0], [x = 1, y = 0], [x = 1, y > 0],
[x > 1, y = y ]

Matthew England Cylindrical Algebraic Decomposition



Introduction to CAD
CAD Under the Hood

Motivation: Real QE
CAD Definition
Practicalities

Example: Circle − semi-algebraic
A CAD of R2 sign invariant for polynomial x2 + y2 − 1 must have
13 cells (under either variable ordering). Assuming we project onto
the x -axis these the semi-algebraic descriptions are as follows:

x < −1 { [x < −1, y = y ],
x = −1 { [x = −1, y < 0], [x = −1, y = 0], [x = −1, y > 0],

{ [−1 < x < 1, y2 + x2 − 1 > 0, y < 0],
{ [−1 < x < 1, y2 + x2 − 1 = 0, y < 0],

−1 < x < 1 { [−1 < x < 1, y2 + x2 − 1 < 0],
{ [−1 < x < 1, y2 + x2 − 1 = 0, y > 0],
{ [−1 < x < 1, y2 + x2 − 1 < 0, y > 0],

x = 1 { [x = 1, y < 0], [x = 1, y = 0], [x = 1, y > 0],
x > 1 { [x > 1, y = y ]

Matthew England Cylindrical Algebraic Decomposition



Introduction to CAD
CAD Under the Hood

Motivation: Real QE
CAD Definition
Practicalities

Example: Circle − decomposition visualisation
Cell 1: x < −1, y free
Cell 2: x = −1, y < 0
Cell 3: x = −1, y = 0
Cell 4: x = −1, y > 0
Cell 5: −1 < x < 1,

y 2 + x2 − 1 > 0, y < 0
Cell 6: −1 < x < 1,

y 2 + x2 − 1 = 0, y < 0
Cell 7: −1 < x < 1,

y 2 + x2 − 1 < 0
Cell 8: −1 < x < 1,

y 2 + x2 − 1 = 0, y > 0
Cell 9: −1 < x < 1,

y 2 + x2 − 1 > 0, y > 0
Cell 10: x = 1, y < 0
Cell 11: x = 1, y = 0
Cell 12: x = 1, y > 0
Cell 13: x > 1, y free
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Example: Circle − cylindrical tree
The cylindricity means we can think of CAD as a tree branching by
cylindrical cell variable restriction.
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2 CAD Under the Hood
Traditional CAD Algorithm
Making Good Choices
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CAD Implementations 1/2

Mathematica: Large piece of commercial software.
The user command Resolve performs QE, using efficient
incomplete algorithms when possible and (several different
flavours of) CAD as a backstop. Developed by Strzeboński.
Sub-algorithms published but code closed.

Maple: Another large piece of commercial software. Direct
CAD command in the RegularChains Library. Also:

Updated version of RegularChains Library to download
online which is open source (Moreno-Maza and students).
ProjectionCAD An open source addition to
RegularChains with various CAD optimisations.
SyNRAC a separate QE system developed in Maple as part of
the Todai Robot Project (Anai and students). QE via
Comprehensive GB with CAD as backstop. Algorithms
published, code closed.
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CAD Implementations 2/2

Qepcad-B: Interactive C++ program for Linux using the
SACLIB Library. Maintained by Brown (including work of
Collins and students). See also Tarski (new project of
Brown). Both free to download (Linux only). Source available.
Redlog package for the Reduce system. Leading QE via
Virtual Substitution implementation. Has CAD as a backstop.
Free and open source. Easy to install.

Z3 and Yices are SMT solvers with partial CAD
implementation for the NLSAT algorithm.
SMT-RAT is an SMT solver with full CAD implementation,
adapted for SMT use.
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Why is CAD tricky?

Q) What about CAD is hard to implement?
A) Working with algebraic numbers.

The input to CAD may consist of polynomials with integer
coefficients but the decomposition may need to take place at
points which are not even rational.

E.g. x2 − 2 in an integral polynomial but a sign-invariant
decomposition for it must split at x = ±

√
2.

Algebraic (real) Numbers (A): Those that are the real root of
some polynomial with integer coefficients.

Q ⊂ A ⊂ R.
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Sidenote: Algebraic numbers can be beautiful!

Source: Stephen J. Brooks (Wikepedia)
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Indexed Root Expressions

CASs can systematically deal with algebraic numbers by storing
them as indexed root expressions. E.g. in Maple syntax

√
2 = RootOf(x2 − 2, x , index = real [2])

as it is the second real root counting from −∞; or alternatively
√
2 = RootOf(x2 − 2, x , 1..2).

since it is the unique real root in the interval (1, 2).

It does get trickier: during CAD we may find the requirement for
subsequent decomposition at the vanishing of a polynomial which
itself has algebraic number coefficients.
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Example − need for indexed root expression

Suppose we again have the formula

x2 + y2 − 1 < 0 ∧ y − x > 0 ∧ x > 0

which defines the blue region. As a
cylindrical cell we have x bounded on
the left by 0 and on the right by the
intersection of the unit circle and the
line y = x : i.e. the point x = 1√

2 .

0 < x < RootOf(2x2 − 1, x , index = real [2])

Then for any such x we have y bound by the following:

x < y < RootOf(y2 + x2 − 1, y , index = real [2])
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Semi-algebraic vs Cylindrical cell descriptions

Semi-algebraic cell description
Finite sequence of polynomial
equations and inequalities with
integer coefficients.

Cylindrical cell description
Conditions ci(x1, . . . , xi)
explicitly setting or bounding
each variable.

Compare x2 + y2 − 1 < 0 ∧ y − x > 0 ∧ x > 0 with

0 < x < RootOf(2x2 − 1, x , real [2])
x < y < RootOf(y2 + x2 − 1, y , real [2])

The cylindrical definitions are constructed naturally by the
algorithm and give a more explicit description of cell geometry.
The semi-algebraic descriptions are usually what is desired as
output, they can be obtained but at a cost.
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Projection and Lifting
Collins’ original CAD algorithm first projects a problem from Rn

down to a real line; and then builds CADs incrementally by
dimension, i.e. first for the line R1, then a plane R2 and so on
until reaching Rn again.

The algorithm has two phases: Projection which identifies
polynomials in the lower dimensional spaces necessary to build the
CADs; and Lifting which uses these to construct the cells.

Rn Rn

Rn−1 Rn−1

R1 R1

Projection Lifting
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Projection Operator

A Projection Operator P takes polynomials in k variables and
produces another set in k − 1 variables.

The projection operator identifies polynomials which describe
important changes in behaviour. Typically things like:
discriminants: vanishing indicates change in root structure;
coefficients: vanishing can indicate asymptotes;
resultants: (of pairs of polynomials): vanishing indicates

intersections (but potentially in C rather than R).

We project under a variable ordering, projecting the highest order
(main) variable next and continuing until we have univariate
polynomials. Together we have the projection polynomials.
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Projection Example

The projection operator
applied to the sphere
x2 + y2 + z2 − 1

identifies the circle
x2 + y2 − 1

(as both trailing coefficient
and discriminant).

The operator applied to
the circle identifies
(x − 1)(x + 1) and thus
two points on the real line.
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Lifting I
The CAD of Rn is constructed incrementally as follows:
Base case: A CAD of R is produced using the roots of the

univariate polynomials and the intervals in-between.
Generic case: Suppose we have a CAD of Rk . To construct a CAD

of Rk+1 do the following for each cell in Rk :
1 Consider the cylinder over the cell.

For example, suppose we have a CAD of
R and a particular cell D which is an
interval of R.

Then the cylinder over D is D × R.
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Lifting II

2 Identify the projection
polynomials with main variable
xk+1 and evaluate each at a
sample point of the cell.

3 Find the roots of these
univariate polynomials.

4 Construct a stack over the cell:
a collections of cells of Rk+1.
These consist of sections
(where a polynomial has a root)
and sectors (the intervals
in-between).

Together the stacks are a
CAD of Rk+1.

E.g. This stack has 3 sections
and 4 sectors.
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Lifting III: Work at sample point − conclude for cell

The work (root isolation) was
conducted only above the sample point
(green line).
The conclusions (number of sections
and sectors in the stack) are made for
the entire cylinder (grey region).

The sections are not the orange
stars; they are the red line
segments within the cylinder. The
existence of the red lines is inferred
from the orange stars.
The sectors are the regions in
between sections (inferred from
regions in-between stars).

Is this safe to do?
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Delineability

Projection Operators are defined so that we can conclude working
at a sample point is representative of the cell: delineability.
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Example: Back to the circle
Consider the circle defined by the graph of f = y2 + x2 − 1.

P(f ) gives the univariate polynomials {x − 1, x + 1}.
The roots are ±1 so a CAD of R1 is produced with 5 cells.
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Example: Back to the circle
Consider the circle defined by the graph of f = y2 + x2 − 1.

P(f ) gives the univariate polynomials {x − 1, x + 1}.
The roots are ±1 so a CAD of R1 is produced with 5 cells.

Consider the cell where
−1 < x < 1. We can take
the sample point x = 0
leading to fx=0 = y2 − 1.
This has two roots and
thus the stack over the cell
consists of two sections
and three sectors.
Combining stacks for the
cells in R1 gives the CAD
of R2 with 13 cells.
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Time to solve a QE Problem with CAD 1/3

Now we understand how to builds CADs we can solve QE problems.
Recall from earlier the problem:

∀x , x2 + bx + 1 > 0

≡ ¬(∃x , x2 + bx + 1 ≤ 0)

So build a sign-invariant CAD for
f = x2 + bx + 1. We have to
project quantified variables first,
so no choice on variable ordering.
We have P(f ) = {b2 − 4}.
Real roots at ±2 and so a 5-cell
CAD of R1 is built.
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Time to solve a QE Problem with CAD 2/3

Pick sample for b in each cell:

c1 : −5
2 , c2 : −2, c3 : 0,

c4 : 2, c5 : 5
2 .

Over each substitute for b and
find real roots to infer stack.

E.g. over c1 we have

f |b=−5/2 = 1
2(2x − 1)(x − 2)

Two roots: so infer 5-cell stack
(2 sectors and 3 sections). Pick
sample points for the sectors.
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Time to solve a QE Problem with CAD 3/3
Repeat to build stacks over the
other 4 cells in R1, to obtain a
17 cell CAD of R2 (2 points, 8
line segments, 7 plane segments).

Tag each with a truth value for
x2 + bx + 1 ≤ 0 (8T, 9F) via
sample point test.

To solve ∃x , x2 + bx + 1 ≤ 0
project the true cells to identify 4
cells of R1: b < −2, b = −2,
b = 2, and b > 2.
Finally to solve ∀x , x2 + bx + 1 > 0 = ¬(∃x , x2 + bx + 1 ≤ 0)
we take the complement (other cells in R1) and find −2 < b < 2.
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Above 2d? Same algorithm − but harder to make pictures!
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CAD Complexity

CAD gives a complete method to perform QE (and more).
(Q) How it its complexity?

(A) Terrible.

If the input has m polynomials in n variables of degree at most d in
any one variable, then the complexity is in the order: (2dm)2O(n) .

Worst case complexity bound is unavoidable − can design
problems which need that many cells in a CAD.
More generally, the complexity is experienced in practice. It
follows from repeated taking of resultants during projection:
number and size of polynomials to deal with will grow.

Advice: do as much as you can before using CAD. E.g.
simplifications, substitutions, trying incomplete but quicker tools.
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Do as much as you can before CAD − Trivial Example
Consider the QE problem

∃x , ∃y , ∀a, (x = 1 ∧ y = 2x ∧ x3 + y2 < a2 + b2)
∨ (x = −1 ∧ y = 2x ∧ x3 + y2 > a2 + b2).

By just linear substitution it quite clearly simplifies to
∀a, (5 < a2 + b2) ∨ (3 > a2 + b2).

In Maple CAD for the first took 25s and the second 0.2s. Latter
gave solution b2 > 3 and former the equivalent but ugly:
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Do as much as you can before CAD − MAPK Example
Recent application of CAD to identify regions
of parameter space where a system of
differential equations from bio-chemistry
(MAPK) have multiple steady states.

Not QE (counting solutions not identifying)
but can be solved with CAD.

11 equations (degree 3), 11 variables, 2
parameters, 13 positivity requirements. Far
too large for CAD!

Reduction techniques (multivariate Gaussian
Elimination and Real Triangularization)
produced a 2 variable, 2 parameter system
which CAD could study [BDEEGGHKRSW19].
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Problem formulation for CAD

There are numerous choices a user can make for CAD which do
not affect correctness of output but do affect its representation
(coarseness of decomposition) and time to compute.

Some obvious, e.g., perform linear substitution before using CAD.

Some not obvious, e.g., which EC to designate (next section)?

The most well known is the choice of variable ordering.

3 cells (2 full dimensional) 11 cells (5 full dimensional)
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Choice of Variable Ordering

Depending on the underlying application we may have a choice for
the variable ordering. For quantifier elimination:

Variables must be projected in the order they are quantified,
with free variables projected last.
The order of projection can be swapped for free variables and
variables in blocks of the same quantifier.

In the previous trivial example the wrong choice of variable tripled
the number of cells.

It can be much worse: there are examples where changing the
variable ordering would change the number of cells required from
constant to doubly exponential in the number of variables [BD07].

There are several heuristics developed by humans for picking CAD
variable ordering. But none are perfect.
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Machine Learning

Idea: can Machine Learning (ML) make these choices better than
the human-made heuristics?

It seems strange to apply ML in a computer algebra system (CAS)
since the CAD prizes exact mathematical correctness but the ML
provides only probabilistic guidance. However, we are applying ML
only to decisions which do not effect the correctness.

We are the first to apply in computer algebra. ML has been applied
within theorem provers for some time (our initial inspiration).

First experiments in joint project with University of Cambridge as
part of Zongyan Huang’s PhD. Now funded by EPSRC Project
EP/R019622/1 and working with PostDoc Dorian Florescu.
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Initial Findings

So far we have found that a variety of standard ML classifiers
(Decision Trees, Support Vector Machines, K-Nearest Neighbour
models, Multi-layer perceptrons) can all make much better
decisions on CAD variable ordering than human-made heuristics.

E.g. Based on dataset of problems with 6 different orderings:
Virtual Best Choice: 8 623s
Virtual Worst Choice: 64 534s
Random Choice: 30 235

DT KNN MLP SVM Brown sotd
Accuracy 62.6% 63.3 % 61.6% 58.8% 51% 49.5%
Time (s) 9 994 10 105 9 822 10 725 10 951 11 938
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Difficulties

There are difficulties with applying machine learning to computer
algebra:

Need thousands of examples for training and testing − but
the only CAD example dataset has < 100.

We have tried training with the SMT datasets [HEWBDP19],
[EF19]. For a different experiment (on a preconditioning choice)
we trained with random examples.

The problem input is polynomial systems. How to identify
features of the problems beyond the obvious degrees, and
variable distribution.

We started with all the metrics used by existing human heuristics.
Now experimenting with automated combinations of basic
functions (e.g. sum, max, average) [FE19].
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Automated feature generation
Our first experiments used 11 “obvious” features inspired by the
human-made heuristics. We described each using compositions of
some basic functions (sum, max, average, sign) applied over either
monomials or polynomials. Then generated features for all possible
permutations of these. 1728 features of which 78 were selected.
All classifiers improved for both metrics.

DT KNN MLP SVM
From [EF19] Accuracy 62.6% 63.3% 61.6% 58.8%
(11 Features) Time (s) 9 994 10 105 9 822 10 725
From [FE19] Accuracy 65.2% 66.3% 67 % 65%
(78 Features) Time (s) 9 603 9 178 9 399 9 487

Some new features can be expressed in natural language but for
others that is hard: these are useful features that a human would
not naturally identify.
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Recent CAD Developments

Lazard Projection: Recently verified projection operator which
removes a number of previously annoying special
cases of CAD failure.

Symbolic-Numeric Lifting: Both SyNRAC [IYAY09] and
Mathematica [Strz06] use validated numerics for
lifting when possible.

Complex Decompositions: RegularChains Library starts by
building cylindrical decompositions of Cn which are
then refined to Rn [CMXY09].

Divide and Conquer: Attack sub-formulae separately [Strz10].
Incremental CAD: Gradually calculate projection, refining

decomposition in lift with each new polynomial.
Local Projection : Decompose space in parts using only relevant

pieces of projection set [Bro13], [Strz14], [JdM12].
Matthew England Cylindrical Algebraic Decomposition



Introduction to CAD
CAD Under the Hood

Traditional CAD Algorithm
Making Good Choices
Other CAD Developments

Removing (Global) Cylindricity − NuCAD
Non-uniform CAD (NuCAD) by Chris Brown [Bro15].

Decomposition of semi-
algebraic cylindrical cells;
Not cylindrically arranged.

Generated cell by cell, each time
generalising from a point.

Currently only developed for
open decompositions.

Allows for far less cells.
But projection of cells (for
QE) is harder (they overlap).
Experiments suggest
NuCAD quicker.
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Covering instead of Decomposition − CDCAC

Conflict Driven Cylindrical Algebraic Covering by Ábráham,
Davenport, England and Kremem (2019).

Idea is to work from sample and generalise to cell (like NuCAD);
but structured search by dimension. Cells can overlap (so a
covering not a decomposition) but are cylindrically arranged.
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Where is the Logic?

Problem: CAD is (usually) used to solve problems in
computational logic. But the basic algorithm completely ignores
the logic and studies only the algebra!

A CAD for polynomials in a formula could be used to study ANY
formula made from those polynomials!

We need truth-invariance for a formulae, but obtain from
sign-invariance of the polynomials within.

There have been ideas on how to make better use of the logic.
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Partial CAD [CH91]

Trial Evaluation: Apply truth value to cells as soon as possible.

E.g. for x > 0 ∧ f (x1 . . . xn)σ0 we can conclude half the CAD of
the real line false without lifting over it!

Concurrent QE: Perform lifting and QE concurrently.
E.g. ∃y∃z , x2 + y2 + z2 < 0. Saw earlier than projection identifies
x2 + y2 − 1 and x ± 1; CAD of the real line has 5 cells.

Suppose we lift first cell −1 < x < 1 to stack of 5 cells in R2.
Suppose we next pick the cell that is interior of unit circle and
lift to another stack of 5 cells in R3.
Apply truth values − discover True for interior of the sphere.
Project down to x ; add −1 < x < 1 to solution formula.

Avoided lifting over other 4 cells in R2. Still need to lift over the
other 4 cells in R1.
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Sub-CADs

Partial CAD identifies where we can skip building part of the CAD
when performing QE.

Along similar lines:
Open CAD: An Open CAD is a subset of a CAD made of

full-dimensional cells only [McC93].
So not technically a decomposition of Rn (a Sub-CAD). But
sufficient to study formulae that involve only strict inequalities
(which can be True only on full dimensional regions).

A generalisation of this:
Layered CAD: Each layer refers to cells of one less dimension (so

an Open CAD is a 1-layered CAD) [WBDE14].
Provide solutions to level of detail required. Can produce with lazy
lifting (extra layers on request).
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Equational Constraints
Recall: We need truth-invariance for a formulae, but obtain from
sign-invariance of the polynomials within.
How to change the CAD algorithm to provide this?

An Equational Constraint (EC) is a polynomial equation logically
implied by a Quantifier Free Tarski Formula (QFF). Either:

Explicit when an atom of the formula; as f = 0 is in

φ = (f = 0) ∧ ϕ.

Implicit otherwise; as f1f2 = 0 is in

ψ = (f1 = 0 ∧ ϕ1) ∨ (f2 = 0 ∧ ϕ2).

Intuitively: when a formula has an EC the semi-algebraic set
described decreases in dimension by one. Can we can achieve a
similar reduction in complexity of the CAD?
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Improvements for CAD with ECs

CAD is doubly exponential in the number of variables, n. More
specifically, doubly exponentially many projection polynomials each
with doubly exponential degree!

ECs can help here:
Projection: Smaller Projection Operator if there is EC [McC99].

Reduces the number of projection polynomials accordingly (double
exponent reduced by one for each EC). But no change on degree.

Lifting: Less root isolation according logical structure.
[ECB15]:

Essentially, now lifting with ECs only.
Pre-processing Replace ECs with equivalent polynomials with

lower degree using Groebner bases [ED16]
Degree then reduces accordingly. CAD is doubly exponential in
n − ` where ` is number of (independent primitive) ECs.

Matthew England Cylindrical Algebraic Decomposition



Introduction to CAD
CAD Under the Hood

Traditional CAD Algorithm
Making Good Choices
Other CAD Developments

Improvements for CAD with ECs

CAD is doubly exponential in the number of variables, n. More
specifically, doubly exponentially many projection polynomials each
with doubly exponential degree! ECs can help here:
Projection: Smaller Projection Operator if there is EC [McC99].

Reduces the number of projection polynomials accordingly (double
exponent reduced by one for each EC). But no change on degree.

Lifting: Less root isolation according logical structure.
[ECB15]:

Essentially, now lifting with ECs only.
Pre-processing Replace ECs with equivalent polynomials with

lower degree using Groebner bases [ED16]
Degree then reduces accordingly. CAD is doubly exponential in
n − ` where ` is number of (independent primitive) ECs.

Matthew England Cylindrical Algebraic Decomposition



Introduction to CAD
CAD Under the Hood

Traditional CAD Algorithm
Making Good Choices
Other CAD Developments

Improvements for CAD with ECs

CAD is doubly exponential in the number of variables, n. More
specifically, doubly exponentially many projection polynomials each
with doubly exponential degree! ECs can help here:
Projection: Smaller Projection Operator if there is EC [McC99].

Reduces the number of projection polynomials accordingly (double
exponent reduced by one for each EC). But no change on degree.

Lifting: Less root isolation according logical structure.
[ECB15]:

Essentially, now lifting with ECs only.
Pre-processing Replace ECs with equivalent polynomials with

lower degree using Groebner bases [ED16]
Degree then reduces accordingly. CAD is doubly exponential in
n − ` where ` is number of (independent primitive) ECs.

Matthew England Cylindrical Algebraic Decomposition



Introduction to CAD
CAD Under the Hood

Traditional CAD Algorithm
Making Good Choices
Other CAD Developments

Is this a big deal?

Reducing a double exponent is a big deal:

224 = 65, 536 i.e. 65 and a half thousand

225 = 4, 294, 967, 296 i.e. 4.29 billion

Figures in the next slides are for the worked example. Let
z � y � x � u � v and define

φ = f1 = 0 ∧ f2 = 0 ∧ f3 = 0 ∧ f4 = 0 ∧ g ≥ 0 ∧ h ≥ 0,

f1 := x − y + z2, f2 := z2 − u2 + v2 − 1, g := x2 − 1,
f3 := x + y + z2, f4 := z2 + u2 − v2 − 1, h := z .
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EC Worked Example CADs

Sign-invariant CAD: for all 6 polynomials has 1,118,205 cells.

Propagating ECs but regular lifting: 21,079 (default in Qepcad)
but can get as little as 5633 cells by making the
correct designation.

With all improvements: 60 different possible designations; with
three different cell counts: 113, 103 or 93.

Designation: We can only use one EC at each projection − the
choice of which is the designation.
Propagation: When you have 2 ECs at the same level, there
resultant is an EC at a lower level.
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The End

Contact Details
Matthew.England@coventry.ac.uk

Slides are available from:
http://computing.coventry.ac.uk/∼mengland/

Thanks for listening!
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