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• All ML models much better on both metrics that human made heuristics.  
Highest accuracy achieved by MLP and lowest timing by KNN.

• New feature generation process improved performance of every model.
• Human made heuristic led to times 27% above the minimum; ML with 

similar features 14% above; ML with extra features only 6% above.
• We plan to replicate findings on more data and CAD implementations.
• Approaches could be applied elsewhere in QE and computer algebra.

6.   Conclusions and Future Work

2.   Variable Ordering for CAD
• A Cylindrical Algebraic Decomposition (CAD) is a decomposition of 

ordered ℝ𝑛𝑛 space into cells with semi-algebraic descriptions that are 
arranged cylindrically (projections of any pair of cells equal or disjoint).

• CAD may be used for QE: the cylindricity allows  to eliminate 
quantifiers and the semi-algebraic descriptions construct the formula.

• The cylindricity and algorithm path are relative to a variable ordering.  
For QE, variables must be in quantification order but those with 
equivalent quantifiers can swap (as can free variables). 

• There have been many advances to CAD. However, in all cases, the need 
for a fixed variable ordering remains.

• The choice of variable ordering can have a great effect on the time and 
memory use of CAD: there are many examples where it changes 
tractability.  There are even problems where one ordering gives output of 
a constant size and another output that is double exponential.

• There are human designed heuristics, but can be expensive to run and 
inaccurate.  A prior ML experiment [1] to choose which to follow for a 
given problem showed there were classes of problems on which each 
was better, and that an ML meta-choice did better than any individually.

• Real Quantifier Elimination (QE) means to derive from a quantified 
Tarski formula an equivalent quantifier-free formula over the reals.  E.g.

∃𝑥𝑥. 𝑥𝑥2 + 𝑏𝑏𝑏𝑏 + 𝑐𝑐 = 0 ⇔ 𝑏𝑏2 − 4𝑐𝑐 ≥ 0
• QE is computable, but with doubly exponential complexity! Hence it is 

important to optimise the performance of any QE algorithms. 
• QE procedures often have choices which do not affect the mathematical 

correctness of the output but can affect the cost of achieving it.  
• Initialization with different options (e.g. variable ordering);
• Tasks completed in different orders (e.g. constraint analysis);
• Problem itself may be expressible in different formalisations

• Hypothesis: such choices are best made by Machine Learning (ML): 
tools which make decisions via statistical analysis of large data.

• This poster focusses on one such choice: CAD variable ordering.

3.   Methodology
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4.   New Automated Feature Generation
• In [2] we performed the above methodology with 11 features from [1] 

that were inspired by the human made heuristics.  Then in [3] we 
repeated with 78 features derived automatically as follows.

• The problems considered are denoted 𝑷𝑷𝑷𝑷 = 𝒫𝒫𝑝𝑝|𝑝𝑝 = 1, … ,𝑃𝑃
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,𝑝𝑝 = 1, … ,𝑃𝑃.

• All features are in the framework (formalisation of the original 11):
𝑓𝑓 𝑷𝑷𝑷𝑷 = 𝑔𝑔4 ∘ 𝑔𝑔3 ∘ 𝑔𝑔2 ∘ 𝑔𝑔1 ∘ ℎ𝑚𝑚,𝑝𝑝 𝑷𝑷𝑷𝑷 ,

where ℎ𝑚𝑚,𝑝𝑝 𝑷𝑷𝑷𝑷 ∈ 𝑑𝑑𝑣𝑣
𝑚𝑚,𝑝𝑝, sgn 𝑑𝑑𝑣𝑣

𝑚𝑚,𝑝𝑝 ∑𝑣𝑣′ 𝑑𝑑𝑣𝑣𝑣
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and 𝑔𝑔1,𝑔𝑔2,𝑔𝑔3,𝑔𝑔4 are all in the set {maxp, maxm, maxm,p, max0,
∑𝑝𝑝 ,∑𝑚𝑚 ,∑𝑚𝑚,𝑝𝑝 ,∑0 , avp, avm, avm,p, av0, sgn , sgn0}.  Subscripts 
indicate what to apply over (subscript 0 indicates identity function). 

• The features should obey the following rules:
1. 𝑔𝑔1,𝑔𝑔2,𝑔𝑔3,𝑔𝑔4 must all belong to distinct categories of function.
2. One, and only one, of 𝑔𝑔1,𝑔𝑔2,𝑔𝑔3,𝑔𝑔4 is computed over 𝑝𝑝; and 

one and only one is computed over 𝑚𝑚 (it may be the same one).
3. The computation over 𝑝𝑝 always performed after that over 𝑚𝑚.

• Enumerating all possibilities gives 1728; with 78 distinct non-constant.

• Existing datasets of QE problems are not large enough for ML.
• Instead we use the nlsat dataset (D. Jovanović) which has problems 

from theorem provers, termination proofs, geometry and verification 
conditions.  All are SAT (fully existentially quantifier) problems: we 
evaluate the time taken to build a CAD for the polynomials involved.

• Extracted 6117 problems with 3 variables ⇒ 6 different orderings.
• Dataset divided into training (4612) and testing (1505).
• CADs calculated for all problems in all orderings using Maple routine 

CylindricalAlgebraicDecompose from Maple's RegularChains Library.
• Four different ML Classifiers trained with Python scikit-learn.

• The K-Nearest Neighbours (KNN) classifier.
• The Multi-Layer Perceptron (MLP) classifier.
• The Decision Tree (DT) classifier.
• The Support Vector Machine (SVM) classifier (RBF basis).

• Each model had its hyper-parameters tuned on the training data using 
5-fold cross-validation.

• We evaluate on (a) accuracy, i.e. how often they picked the ordering 
with quickest time; and (b) overall computation time on the dataset. 

• We evaluated also two human-designed heuristics: Brown’s Heuristic 
from his ISSAC 2004 Tutorial, and sotd developed by Dolzmann, 
Seidl and Sturm in a paper at the same conference.

5.   Results
DT KNN MLP SVM

11 features [2] Accuracy (%) 62.6 63.3 61.6 58.8
Time (s) 9,994 10,105 9,822 10,725

78 features [3] Accuracy (%) 65.2 66.3 67 65
Time (s) 9,603 9,178 9,399 9,487

Virtual Best Virtual Worst random sotd Brown

Accuracy (%) 100 0 22.7 49.5 51
Time (s) 8,623 64,534 30,235 11,938 10,951
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