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ML to improve Mathematical Software (Slide 1)

Machine Learning tools use statistics and large quantities of data
to learn how to perform tasks not explicitly programmed.
ML tools can only offer probabilistic guidance, while mathematical
software prizes exact results. So should ML be of interest to ICMS?
We propose to use ML techniques to make non-critical choices or
guide searches in the software. Thus the performance of the ML
has no affect on the mathematical correctness of the final result.
But such choice can make a substantial contribution to both
computational efficiency and presentation of the end result.
Our main thesis is that ML can make such choices better than the
user, developer, or currently employed human-made heuristics.
This approach differs from say the Facebook Research work of
Lample and Charton (2020) which used ML to predict the end
result of a mathematical process directly.

D. Florescu and M. England ML Pipeline to pick variable ordering for polynomial input



Introduction
Background

Our Recent Work and Software Pipeline

Context
Summary

ML to improve Mathematical Software (Slide 1)

Machine Learning tools use statistics and large quantities of data
to learn how to perform tasks not explicitly programmed.
ML tools can only offer probabilistic guidance, while mathematical
software prizes exact results. So should ML be of interest to ICMS?
We propose to use ML techniques to make non-critical choices or
guide searches in the software. Thus the performance of the ML
has no affect on the mathematical correctness of the final result.
But such choice can make a substantial contribution to both
computational efficiency and presentation of the end result.
Our main thesis is that ML can make such choices better than the
user, developer, or currently employed human-made heuristics.
This approach differs from say the Facebook Research work of
Lample and Charton (2020) which used ML to predict the end
result of a mathematical process directly.

D. Florescu and M. England ML Pipeline to pick variable ordering for polynomial input



Introduction
Background

Our Recent Work and Software Pipeline

Context
Summary

ML to improve Mathematical Software (Slide 1)

Machine Learning tools use statistics and large quantities of data
to learn how to perform tasks not explicitly programmed.
ML tools can only offer probabilistic guidance, while mathematical
software prizes exact results. So should ML be of interest to ICMS?
We propose to use ML techniques to make non-critical choices or
guide searches in the software. Thus the performance of the ML
has no affect on the mathematical correctness of the final result.
But such choice can make a substantial contribution to both
computational efficiency and presentation of the end result.
Our main thesis is that ML can make such choices better than the
user, developer, or currently employed human-made heuristics.
This approach differs from say the Facebook Research work of
Lample and Charton (2020) which used ML to predict the end
result of a mathematical process directly.

D. Florescu and M. England ML Pipeline to pick variable ordering for polynomial input



Introduction
Background

Our Recent Work and Software Pipeline

Context
Summary

Examples from the literature (Slide 2)

Kuipers, Ueda, Vermaseren (2015) used a Monte-Carlo tree
search to find the representation of polynomials that are most
efficient to evaluate in their CAS.
Liang, Ganesh, Poupart, Czarnecki (2016) used a machine
learnt branching heuristic in their MapleSAT solver for
formulae in Boolean logic.
Alemi, Chollet, Een, Irving, Szegedy and Urban (2016) use
deep neural networks for premise selection in a theorem prover.
Gryak, Haralick and Kahrobaei (2020) used pattern matching
technology to determine whether a pair of elements from a
specified group are conjugate.

See also the papers in this ICMS Session on Artificial Intelligence
and Mathematical Software by Brown, and Chen & Zhu.
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Summary: Authors’s Work (Slide 3)

Specifically: we have been experimenting on using Machine
Learning (ML) to choose the variable ordering for a Maple
implementation of the Cylindrical Algebraic Decomposition (CAD)
algorithm acting on a set of polynomials. We have:

Experimented with several ML classifiers in sklearn: they all
do better than the existing human-made heuristics.
New approach to generate features of the input polynomials.
Proposed a more suitable measure of ML classifier accuracy.
Used this to write an improved method for cross-validation
hyper-parameter selection in sklearn.

The above was published in three 2019 conference papers (CICM
2019, SC2 2019 and MACIS 2019).
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Publications (Slide 4)

M. England and D. Florescu.
Comparing machine learning models to choose the variable ordering for
cylindrical algebraic decomposition. Intelligent Computer Mathematics
(Proc. CICM ’19), LNCS 11617, pp. 93–1082. Springer, 2019. DOI:
10.1007/978-3-030-23250-4_7

D. Florescu and M. England.
Algorithmically generating new algebraic features of polynomial systems
for machine learning. Proc. SC2 ’19, CEUR Workshop Proceedings 2460,
2019. http://ceur-ws.org/Vol-2460/

D. Florescu and M. England.
Improved cross-validation for classifiers that make algorithmic choices to
minimise runtime without compromising output correctness. Mathematical
Aspects of Computer and Information Sciences (Proc. MACIS ’19), LNCS
11989, pp. 341–356. Springer, 2020. DOI: 10.1007/978-3-030-43120-4_27
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Why another paper at ICMS 2020? (Slide 5)

Much of our work could generalise beyond the context of choosing
a variable ordering for CAD.

The new feature identification process could be used in any
situation where we need to derive features for ML from a set
of polynomials.
The new hyper-parameter selection process can be applied to
any situation where we are seeking to take a choice that
minimises a computation time.

Hence we saw value in packaging our techniques into a software
pipeline so that they may be used more widely.
The software is freely available as a Zenodo repository here:
https://doi.org/10.5281/zenodo.3731703
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Motivation: Real QE (Slide 6)

Our work used ML to improve a CAD implementation. The main
motivation for CAD is to perform Real Quantifier Elimination.

Real Quantifier Elimination (QE)
Given: Quantified prenex formula of polynomial constraints.
Produce: quantifier free formula logically equivalent over R.

Fully quantified

Input: ∃x , x2 + 1 ≤ 0
Output: False

Input: ∃x , x2 + 3x + 1 ≤ 0
Output: True

Partially quantified

Input: ∃x , x2 + bx + 1 ≤ 0
Output: (b ≤ −2) ∨ (b > 2)

The QFF depends on the
unquantified variables.
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Cylindrical Algebraic Decomposition (Slide 7)

Cylindrical Algebraic Decomposition (CAD) is the only
implemented complete algorithm for Real QE. A CAD is:

A decomposition of Rn such that the polynomials involved in
the input have constant sign (+/0/-) in each cell. Thus any
formulae built with them have constant truth value.
The cells are semi-algebraic meaning they are described by
finite sequence of polynomial constraints.
The cells are cylindrical meaning projection (relative to the
variable ordering) is trivial from the cell description, and
projections of any two cells are identical or disjoint.

Thus existential QE via projection of true cells onto free variables.
Universal QE via ∀xF (x) = ¬∃x¬F (x).
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QE via CAD Example (Slide 8)

Recall from earlier the problem:

∃x , x2 + bx + 1 ≤ 0

To solve we:
Build a sign-invariant CAD for
f = x2 + bx + 1.
Tag each cell true or false
according to f ≤ 0.
Take disjunction of projections of
true cells:

b < −2 ∨ b = −2
∨b = 2 ∨ b > −2
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QE via CAD Example (Slide 8)

Recall from earlier the problem:

∃x , x2 + bx + 1 ≤ 0

To solve we:
Build a sign-invariant CAD for
f = x2 + bx + 1.
Tag each cell true or false
according to f ≤ 0.
Take disjunction of projections of
true cells:

=⇒
b ≤ −2 ∨ b ≥ 2
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CAD Complexity and Variable Ordering (Slide 9)

Building the CAD relies on a repeated projection of polynomials to
track key geometric information through the use of e.g. resultants.
Then repeated use of real root isolation to track where the root
structure of these polynomials changes. This process has doubly
exponential complexity in the number of variables!
The complexity is felt in practice. But careful optimisations and
pre-processing can push back the doubly exponential wall and bring
new applications in scope.
One such optimisation is the choice of variable ordering. For QE
one must order variables as they are quantified; but there is no
restriction on free variables and adjacent quantifiers of the same
type may be swapped.
The ordering is well known to dramatically affect both the number
of cells and the time to compute them.

D. Florescu and M. England ML Pipeline to pick variable ordering for polynomial input



Introduction
Background

Our Recent Work and Software Pipeline

QE and CAD
Variable Ordering

CAD Complexity and Variable Ordering (Slide 9)

Building the CAD relies on a repeated projection of polynomials to
track key geometric information through the use of e.g. resultants.
Then repeated use of real root isolation to track where the root
structure of these polynomials changes. This process has doubly
exponential complexity in the number of variables!
The complexity is felt in practice. But careful optimisations and
pre-processing can push back the doubly exponential wall and bring
new applications in scope.
One such optimisation is the choice of variable ordering. For QE
one must order variables as they are quantified; but there is no
restriction on free variables and adjacent quantifiers of the same
type may be swapped.
The ordering is well known to dramatically affect both the number
of cells and the time to compute them.

D. Florescu and M. England ML Pipeline to pick variable ordering for polynomial input



Introduction
Background

Our Recent Work and Software Pipeline

QE and CAD
Variable Ordering

First ML Attempt (Slide 10)

Z. Huang, M. England, D. Wilson, J.H. Davenport, L.C.
Paulson and J. Bridge.
Applying machine learning to the problem of choosing a
heuristic to select the variable ordering for cylindrical
algebraic decomposition.
Proc. CICM 2014, LNAI 8543, pp. 92-107. Springer 2014.

Used a Support Vector Machine (SVM) to choose which of three
human made heuristics to follow when picking an ordering.

Experiments on 7000 problems identified substantial
subclasses on which each made a better decision.
Trained three SVMs and used relative magnitude of their
margin values to pick which heuristic to follow.
ML choice did significantly better than any one heuristic.
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EPSRC Project EP/R019622/1: Embedding Machine Learning
within Quantifier Elimination Procedures
Ran from 2018− 2020 at Coventry University.

Inspired by the work of Huang et al (2014) to try a wider variety of
machine learning approaches and see how they could be adapted to
better suit the needs of mathematical software.

Now handover to Dorian Florescu to survey the new approaches
which are all embedded in the freely available software pipeline.
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