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SAT solvers
A SAT-solver checks satisfiability of a Boolean formula, returning a satisfying

variable assignment (witness) if one exists. For example consider three

Boolean variables X1, X2 and X3: formula (X1 ∨ X2) ∧ ¬X3 is satisfiable

(SAT) with witness (T, F, F ); while (X1 ∧X2) ∧ ¬X1 is not (UNSAT).

SMT solvers

Satisfiability Modulo Theory (SMT) generalizes SAT to the case where the

atoms are not Boolean. In our case, Nonlinear Real Arithmetic (NRA),

the atoms are polynomial relations over the reals.

The following figure shows the Lazy SMT paradigm which we use.

The theory solvers are

tools which can address

whether a set of atoms

from the theory domain

can be satisfied at once.

In the case of NRA this

can be algorithms from

Symbolic Computation.

CAD vs CDCAC
We could build a Cylindrical Alge-

braic Decomposition (CAD) with re-

spect to the polynomials involved, and

then test a sample point from each

cell. Consider for example the con-

straints {x > 0, y > 0, x2 + y2 ≥ 1}.
A CAD of R2 for these would have

33 cells as in the image. The SAT

region is coloured red: a union of 4

of these cells. The CAD command

of Maple’s RegularChains package

computes this with 5.85MiB memory

and 62.00ms CPU time.
Another choice is a Conflict Driven Cylindrical Algebraic Covering (CD-

CAC) [1]. Here we extend a model solution one variable at a time. At each

level, we substitute assigned variables into the input and decompose the next

layer using real roots of, now univariate, polynomials. If a non-conflicting

value is found, we extend to the next layer; if not then we generalise the

conflict with CAD projection to remove an interval around the previous as-

signment that causes the same conflict. For the example with CDCAC, we

first decompose R according to the roots of x, and find x ≤ 0 conflicts with

the first constraint. We then assign x = 2, and decompose with respect

y = 0 and y2 + 3 = 0: y ≤ 0 conflicts with the second constraint. So

we assign y = 2 and conclude the set satisfiable with witness (2, 2). Our

implementation in Maple used 2.00MiB memory and 16.00ms CPU time.
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Covering with conflicts

When we cannot extend a sample in CDCAC we seek a minimal conflicting

subset of constraints to CAD project for the generalisation. Identifying this

UNSAT core introduces a Set Covering Problem (SCP). When generalis-

ing from full dimensional cells we have a simple SCP, where we must cover

each interval by one constraint. For example, consider the constraint set

{y < x2 − 2, y > −x2 + 2, x2 + y2 > 4}. With model x = 0 the y-axis is

covered by UNSAT cells as below, with only two needed for the core.

However, in the lower layers, intervals will need more than a single constraint

to conclude UNSAT. Generalising the conflict in the example above gives an

interval concluded UNSAT by the combination of two constraints. In this

case we have a more involved SCP: we refer to [2] for the formal definition.

Solving the SCP

Both version of these SCPs can be translated into a binary optimization

problem (but with nonlinear constraints for the more involved SCP) [2]. We

implemented a Maple package, SCPPack [3] which can solve these in two

ways. The first translates it for a SAT-solver to give an exact solution, and

the second linearizes the problem to use the numeric Optimization package

of Maple: whose solution should be checked for a symbolic guarantee.

A new SMT solver in Maple

We implemented a Lazy SMT solver for NRA with CDCAC as its theory

solver in Maple. We illustrate its use for the example:

(x2 + y2 < 1 ∧ x2 + (y − 3)2 < 1) ∨ (x2 + y2 < 1 ∧ y < x2).

Its Boolean skeleton is (X1∧X2)∨ (X1∧X3). The SAT solver (MapleSAT)

suggests (X1, X2, X3) = (F, T, T ), so we must check constraint set {x2 +
y2 < 1, x2 + (y − 3)2 < 1, y ≥ x2}. CDCAC finds this UNSAT with a core

of the first two constraints. Thus ¬(X1∧X2) is added to the formula. Next

time the SAT solver suggests (X1, X2, X3) = (T, F, T ) and the resulting

constraint set is found satisfiable by CDCAC with witness (0,−1
2).
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