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A Quick Introduction

Satisfiability Modulo Theories (SMT) combines powerful modern solvers for logical
Satisfiability problems (SAT) with reasoners about the truth of atomic formulae
within a specific domain.

The SMT-LIB defines a common language for SMT-solvers to use. It also
maintains a set of benchmarks according to various domains.

For example: Is there a triplet of positive real values (V 1,V 2,V 3) such that

V 2 + V 3 > 0 & V 3 ≤ V 3 & ?

C. Barrett, P. Fontaine, C. Tinelli, The Satisfiability Modulo Theories Library (SMT-LIB), Online

Resource, URL: http://smtlib.cs.uiowa.edu/, 2016.
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SMT for QF NRA

In the Quantifier free non-linear real arithmetic, one type of SAT problems we see
often is in the form

∃x1, x2, . . . , xk (p1σ10 ∧ p2σ20 ∧ pnσn0),

where p := p(x1, x2, . . . , xk) ∈ Q[x1, x2, . . . , xk ] and σ ∈ {>,<,≥,≤,=, 6=}.

The answer will either be a set of assignments for the variables (x1, . . . , xk) to
witness the existence, or a confirmation that this is unsatisfiable.

Aug 12, 2022 University of Bath & Austrian Academy of Sciences - 3 - Ali K. Uncu : aku21@bath.ac.uk



Introduction

SMT-LIB

SMT for QF NRA

Which Method is the
Best?

Gerhold–
Kauers

New Problem
Set

Benchmarks

SMT for QF NRA

In the Quantifier free non-linear real arithmetic, one type of SAT problems we see
often is in the form

∃x1, x2, . . . , xk (p1σ10 ∧ p2σ20 ∧ pnσn0),

where p := p(x1, x2, . . . , xk) ∈ Q[x1, x2, . . . , xk ] and σ ∈ {>,<,≥,≤,=, 6=}.

The answer will either be a set of assignments for the variables (x1, . . . , xk) to
witness the existence, or a confirmation that this is unsatisfiable.

Aug 12, 2022 University of Bath & Austrian Academy of Sciences - 3 - Ali K. Uncu : aku21@bath.ac.uk



Introduction

SMT-LIB

SMT for QF NRA

Which Method is the
Best?

Gerhold–
Kauers

New Problem
Set

Benchmarks

SMT for QF NRA
Common Tactics

One expensive but well established method is to calculate a Cylindrical
Algebraic Decomposition (CAD).

Another approach is to re-purpose the theory of CAD so that it better aligns
to the satisfiability methodology, of searching for a model and learning from
conflict. This is the approach taken in the Cylindrical Algebraic Covering
method and the NLSAT algorithm.

There is a variety of incomplete methods implemented which may will not
always give a solution, but when they do are often far faster, such as Virtual
Term Substitution and incremental linearization.

G. Collins, Quantifier elimination for real closed fields by cylindrical algebraic decomposition, in: Proceedings of the 2nd GI Conference
on Automata Theory and Forma Languages, Springer-Verlag, 1975, pp. 134–183.

E. Ábrahám, J. Davenport, M.England, G. Kremer, Deciding the consistency of non- linear real arithmetic constraints with a conflict
driven search using cylindrical algebraic coverings, Journal of Logical and Algebraic Methods in Programming 119 (2021) 100633.

D. Jovanovic, L. de Moura, Solving non-linear arithmetic, Automated Reasoning: 6th International Joint Conference (IJCAR), volume
7364 of Lecture Notes in Computer Science, Springer, 2012, pp. 339–354.
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Which Method is the Best?

There is no clear answer to which method is the best.

Different problem sets have their own flavors. Therefore, both new problem sets
and benchmarking them against the state-of-the-art methods and implementations
are valuable.

This is what we did. We will now discuss a family of QF NRA problems new to the
SMT-LIB and what the benchmarking shows us.
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Brushing over Mathematical Induction

A mathematical induction proof — at its core — is a finite set of initial conditions
together with the logical structure of the problem implying the correctness of the
next step.

Let, φ be a logical formula (or a collection of logical formulae) in n (without loss of
generality n ∈ Z+) and possibly other variables. For example:

φ := [1 + 3 + 5 + · · ·+ (2n − 1) = n2].

At first it is not clear how many initial conditions are needed to be able to prove
the induction step, but with a generic r steps the induction looks like

ψ ∧ (φ ∧ s(φ) ∧ · · · ∧ sr−1(φ))⇒ sr (φ),

where ψ is a conjunction of all known assumptions on the parameters, and sk(φ) is
the k-th shift (in n) of the original statement φ.
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Automating Induction Proofs
Gerhold-Kauers’ approach

In 2005, Gerhold and Kauers presented an algorithm that attempts to automate
induction proofs with great success. They change the induction step ever so
slightly and attempt to show that

ψ ∧ (φ ∧ s(φ) ∧ · · · ∧ sr−1(φ)) ∧ ¬sr (φ)

would be false (if the induction step is correct).

Their original formulation, and later Kauers’ ProveInequality function in the
Mathematica package SumCracker, uses CAD to make these proofs.

S. Gerhold, M. Kauers, A procedure for proving special function inequalities involving a
discrete parameter, in: Proceedings of the 2005 International Symposium on Symbolic and
Algebraic Computation, ISSAC ’05, ACM, 2005, pp. 156–162.

M. Kauers, SumCracker: A package for manipulating symbolic sums and related objects,
Journal of Symbolic Computation 41 (2006) 1039–1057.
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What is in the problem set?

We translated most examples of the SumCracker:-ProveInequality function
into the SMT-LIB language. This problem set includes many interesting
mathematical inequalities, that appear in many different contexts such as analysis,
combinatorics, special functions, etc.

For example, an inequality of Beesack:

n∑
k=1

(
k∑

i=1

xi

)β

xαk ≤

(
n∑

k=1

xk

)α+β

,

for xk > 0 and α ≥ 1 and α + β ≥ 1.
The SumCracker:-ProveInequality function call of this inequality for
(α, β) = (1, 0) translates to...
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Beesack Inequality with (α, β) = (1, 0) Related SMT-file
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What exactly is in the problem set?

There are 300 problems total, all coming from the function calls of
SumCracker:-ProveInequality.

75 polynomial calls

75 rational function calls

75 polynomial equivalents of the rational function calls with degrees rising

75 polynomial equivalents of the rational function calls with disjunctions
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Dealing with Rational Functions

SumCracker:-ProveInequality function calls can involve rational functions.
Mathematica CAD/Resolve/Reduce accept and can deal with those calls. For
example, Maple RegularChains cannot.

For SMT-LIB including rational functions is a topic of discussion with quite some
resistance against it.

It made good sense to clear the denominators of the rational function calls.
However, there are at least two ways to do that.
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Dealing with Rational Functions

Assume that we are given
f (x)

g(x)
σ 0,

we can reformulate this as

f (x)g(x) σ 0 ∧ g(x) 6= 0.

Or we can reformulate it as

(g(x) > 0 ∧ f (x) σ 0) ∨ (g(x) < 0 ∧ 0 σ f (x)).
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Sadly This was not the only Thing

In one group of our problems the original problems contains a
√

5.

Mathematica can once again handle these, but algebraic numbers are not
permitted within the definition of QF NRA in general.

Thus we introduced the clauses y2 = 5 ∧ y > 0 to bring the problem into QF NRA.
The iteration of these clauses created high exponents for the pseudo-variable ys:
this was left for the solvers to handle.
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Who Ran Against Each Other?

The SMT solvers used in this benchmarking are Z3 (v 4.8.8) and Yices (v 2.6.4),
which both utilise the NLSAT algorithm for QF NRA; and CVC5-Linux (v 1.0.0)
which uses the Cylindrical Algebraic Coverings algorithm for QF NRA. These three
were selected as the strongest performers on QF NRA in recent years.

N. Bjørner, L. de Moura, L. Nachmanson, C. Wintersteiger, Programming Z3 (tutorial
lecture notes), in: J. Bowen, Z. Liu, Z. Zhang (Eds.), Engineering Trustworthy Software
Systems: 4th International School (SETSS 2018), volume 11430 of Lecture Notes in
Computer Science, Springer International Publishing, 2019, pp. 148–201.

B. Dutertre, Yices 2.2, in: A. Biere, R. Bloem (Eds.), Computer Aided Verifica- tion,
Springer International Publishing, 2014, pp. 737–744.

H. Barbosa, C. Barrett, M. Brain, G. Kremer, H. Lachnitt, M. Mann, A. Mohamed, M. Mo-
hamed, A. Niemetz, A. Nötzli, A. Ozdemir, M. Preiner, A. Reynolds, Y. Sheng, C. Tinelli, Y.
Zohar, cvc5: A versatile and industrial-strength smt solver, in: D. Fisman, G. Rosu (Eds.),
Tools and Algorithms for the Construction and Analysis of Systems, Springer International
Publishing, Cham, 2022, pp. 415–442.
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Survival Plots

Figure: Survival plot of benchmarks with the time scale up to 8000 seconds.
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Figure: Survival plot of benchmarks with the time scale up to 200 seconds.
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Quick Observations

For this dataset, Z3 is superior with a single timed-out example. It is then followed
by Yices (timed out on 2 examples), then the various implementations in
Mathematica (4, 7 and 9 time outs for Resolve, Reduce and CAD respectively)
followed by CVC5 (16 timeouts).

The two Maple functions performed far less well: RegularChains did not accept
rational functions at all, and both functions took far longer amounts of time to
reach their conclusions. We do note that Maple has also available direct calls to Z3
via SMTLIB:-Satisfiable.
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Some Curiosities

CVC5 is outperformed by Z3 and Yices overall, and it is outperformed by
Mathematica towards the end. This is somehow at odds with the SMT
Competition results of 2021.

CVC5 performs particularly badly on the problems where we replace
√

5 with a
new variable.

We believe Z3 does the back substitution of y ←
√

5 and lower the costs of
the calculations immensely.

Yices is faster than Z3 in SAT problems. Z3 is faster in UNSAT.

How we clear denominators also affects the outcome! When we focus on the
problems which clear denominators in the simple (but degree raising) way the
second-best solver changes hands from Yices to Mathematica’s Resolve both
in time and number of problems solved. When we focus on the images of the
rationals under disjunctive denominator clearance, Mathematica Resolve solves
one extra problem than Z3 and Yices.
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Conclusions/Discussion

This problem set is different than most of the other QF NRA sets.

There is a need for further work on the SMT-LIB language for QF NRA to
decide on how to best deal with rational functions.

We even urge SMT-LIB to consider allowing algebraic numbers in the input.
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Do You Find This Interesting?
You can join the conversation

There is a postdoctoral vacancy at the University of Bath.

Please get in touch with James H. Davenport
(J.H.Davenport@bath.ac.uk).
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Thank you for your time.
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