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Computer Algebra (Slide 1/10)

Computer Algebra Systems (CASs) are software for manipulating
mathematical expressions and objects. A CAS gives exact answers.
E.g., a CAS can compute with the symbols % 7 and /2 rather
than their approximations 0.33333, 3.14159 and 1.41421.

https://doi.org/10.1016/j.jsc.2019.07.008
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Computer Algebra (Slide 1/10)

Computer Algebra Systems (CASs) are software for manipulating
mathematical expressions and objects. A CAS gives exact answers.
E.g., a CAS can compute with the symbols % 7 and /2 rather
than their approximations 0.33333, 3.14159 and 1.41421.
Computer algebra is more expensive than numerics: why use it?

https://doi.org/10.1007/978-94-010-0203-5_18
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mathematical expressions and objects. A CAS gives exact answers.
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Can LLMs do Computer Algebra? (Slide 2/10)

Copilot
Please calculate a Groebner Ba...

December 10, 2024 at 12:43 PM

Please calculate a Groebner Basis for the set of polynomials {xA2 - 2*x*z + 5, y*zA3 + x*y/2, -8*z"3 + 3*yA2}

| calculated the Groebner Basis for the given set of polynomials ({xA2 - 2xz + 5,y z"3 + xy~2,-8 z"3 + 3
y~2}). Here is the result:

$$ \begin{align*}

. &\quad x"2-2xz+ 5\

. &\quad 640x z3 + 9278 - 96277 + 120275\

. &\quad 3y~2 - 8273\

. &\quad 80y z/3 - 3278 + 32z"7 - 40z"5\

. &\quad 9279 - 96278 + 240z”6 + 1600z*3 \end{align*} $$
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If you have any further questions or need additional assistance, feel free to ask!

B) Edit in Pages </> Code @ 1030 responses  Al-generated content may be incorect (Y
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Can LLMs do Computer Algebra? (Slide 2/10)

Copilot

How did you calculate this?
Please calculate a Groebner Ba.

| used the SymPy library in Python to calculate the Groebner Basis. SymPy is a powerful tool for symbolic
mathematics, and it includes functions for working with polynomials and computing Groebner Bases.

Here's a step-by-step outline of the process:

. Define the Variables: | defined the variables (x), (y), and (z) using SymPy's symbols function.

Define the Polynomials: | created a list of the given polynomials.

. Calculate the Groebner Basis: | used the groebner function from SymPy, specifying the polynomials and
the variable order (lexicographic by default).

Output the Result: | printed the resulting Groebner Basis.

w

»

Here's the Python code | used:

from sympy import symbols, groebner
# Define the variables
X, Y, z = symbols('x y z')
# Define the polynomials
polynomials = [x**2 - 2%x*z + 5, y*z**3 4 x*y**) = _gkz**3 4 3Jky**)]
# Calculate the Groebner basis
G = groebner(polynomials, x, y, z)
# Print the Groebner basis
print("The Groebner basis for the given set of polynomials is:")
for g in G:
print(g)
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Can transformers do Computer Algebra? (Slide 3/10)

First attempt in 2020: for symbolic integration and ODE solving.

@ G. Lample and D. Charton
Deep Learning for Symbolic Mathematics.
Proc. ICLR 2020.
https://doi.org/10.48550/arXiv.1912.01412
Recent attempt to directly produce Grobner Bases.
@ H. Kera, Y. Ishihara, Y. Kambe, T. Vaccon and K. Yokoyama
Learning to compute Grébner bases.
Proc. NIPS 2024.
https://openreview.net/forum?id=ZRz7X1xBzQ
Both struggle with out of distribution data. ML can only offer
probabilistic guidance, but CASs prize exact results. Possibilities:

@ Algorithms to validate correctness of ML results?
@ Algorithms to fix “close” results produced by ML?
@ ML guidance in selecting and running CAS algorithms?


https://doi.org/10.48550/arXiv.1912.01412
https://openreview.net/forum?id=ZRz7XlxBzQ
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Challenging / Interesting Machine Learning (Slide 4/10)

ML guidance in selecting and running CAS algorithms:
@ Problems do not always neatly fit as regression / classification.
@ No a priori limit on the input space.

@ Supervised learning hard: because labelling dataset needs lots
of expensive computer algebra.

@ Unsupervised learning is hard: because it is unclear if a
particular outcome is good or bad without seeing the rest.

@ What constitutes a meaningful and representative data set?
@ How best to embed the data for a ML algorithm?

A good area for research!
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Problem: Integration algorithm selection (Slide 5/10)

Symbolic indefinite integration accessed via the command int: a
meta-algorithm which does pre-processing and table lookup before
accessing a particular CAS algorithms for integration, of which
there are currently 12 to choose from.
Problem: Which to use for a given problem instance?
> f="Tx3 4322 4 52
> int(f, x)

%w4+$3+%$2
> int(sin(m), m)

> int(IEI_ T m)
(22 +1)v3

ln(z:2 +z+ 1) N ‘/gam‘m( 3

6 3

— cos(z)

) I ln(zg— 1)

Currently, int tries all in a fixed order until one succeeds (in some
cases checking guard code).
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Symbolic indefinite integration accessed via the command int: a
meta-algorithm which does pre-processing and table lookup before
accessing a particular CAS algorithms for integration, of which
there are currently 12 to choose from.

Problem: Which to use for a given problem instance?

s int (exp - 22, 2)

Jerf(z)
2

st —— 1 t—92.3
sqrt (2t4 — 32 2)
V5 ElllptlcF( VT V5 ) /5 EllipticF (\/T_ %)
5 a 5

Currently, int tries all in a fixed order until one succeeds (in some
cases checking guard code).
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Methodology (Slide 6/10)

@ Metric for success is minimal answer size.

o Identify biases in existing 2020 data; build new data
generators by reverse engineering computer algebra theory.

@ Explore different ML paradigms: classification;
classification + regression; classification + ranking.

@ Explore different architectures: sequential vs tree embedding.

xtan(%) 7x+2tan(%) Norman

1+ tan (%)2
s [ o) Risch
Zﬁ(—xCOS(I) + Sin(x))

ARG

x sin(x) —

Meijer G
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Methodology (Slide 6/10)

@ Metric for success is minimal answer size.

o Identify biases in existing 2020 data; build new data
generators by reverse engineering computer algebra theory.

@ Explore different ML paradigms: classification; classification +
regression; classification + ranking.

@ Explore different architectures: sequential vs tree embedding.

[> £ 1= 1 - x*cos (cos (x)) *sin(x) + sin(ces(x))
L /=1 = xcos(cos(x)) sin(x) + sin(cos(x))
> # Maple's answer

int(f, x)

ENe
I—mn{T

x N
X+ xtan ;J + xtan

[N O i ] O
7)o

x + sin(cos(x)) x

=

[> # ML-suggested answer

int(f, x, method=risch)
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Methodology (Slide 6/10)
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Metric for success is minimal answer size.

Identify biases in existing 2020 data; build new data
generators by reverse engineering computer algebra theory.

Explore different ML paradigms: classification; classification +
regression; classification + ranking.

Explore different architectures: sequential vs tree embedding.
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@ Metric for success is minimal answer size.

o Identify biases in existing 2020 data; build new data
generators by reverse engineering computer algebra theory.

@ Explore different ML paradigms: classification; classification +
regression; classification + ranking.

@ Explore different architectures: sequential vs tree embedding.
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Results (Slide 7/10)

@ ML beat state-of-the-art. Validated on both hold-out test
data from generators, and independent test suite of Maplesoft.

@ Improved data generators are essential for generalisation.

@ Tree architectures do much better for this than sequential.
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@ ML beat state-of-the-art. Validated on both hold-out test
data from generators, and independent test suite of Maplesoft.

@ Improved data generators are essential for generalisation.

@ Tree architectures do much better for this than sequential.
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ML for Integration Selection References
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Problem: CAD Variable Ordering (Slide 8/10)

e Cylindrical Algebraic Decomposition (CAD) is a key computer
algebra algorithm used to study systems of non-linear
polynomial constraints. It decomposes space according to the
truth of constraints: proceedings one variable at a time.

@ The variable ordering greatly affects decomposition size and
computation time, and is often a free choice.
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Experiments (Slide 9/10)

Explored ML to take the choice:

e Using feature engineering approach (semi-automated) and
classical ML.

@ Using real world data set (SMT-LIB); augmented by variable
permutations.

@ Explored different ML paradigms for the problem.

@ Explored XAl approaches: SHAP post analysis and
constrained NNs.
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Key Findings (Slide 10/10)

@ ML can certainly take this choice better than human-made
heuristics.

@ Care needed with dataset choice; better to augment a high
quality dataset.

@ Still big challenges generalising over datasets.

@ XAl output can suggest human-level heuristics:
e can be expressed in natural language in a similar amount of
text as a heuristic designed by a human;
e can be implemented without any ML architecture.
@ These heuristics perform almost as well as full ML models on
original data, and demonstrate much better generalisation to
new datasets.
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