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Can LLMs do mathematics now? (Slide 1/50)

Open AI: �o1 places among the top 500 students in the US in a
quali�er for the USA Math. Olympiad.� However:

Mirzadeh, Alizadeh, Shahrokhi, Tuzel, Bengio, Farajtabar (Apple)
GSM-Symbolic: Understanding the Limitations of Mathematical
Reasoning in Large Language Models.
ICLR 2025.https://openreview.net/forum?id=AjXkRZIvjB

OpenAI: �o3 and o4-mini score> 90% on American Invitational
Mathematics Examination�; o3 can solve 25% of the FrontierMath
dataset.

Glazer et al.
FrontierMath: A Benchmark for Evaluating Advanced Mathematical
Reasoning in AI.
Arxiv, 2024. https://arxiv.org/abs/2411.04872
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Machine Learning Research Mathematics (Slide 3/50)

ML can potentially guide pure mathematicians to potential
conjectures. E.g.

Davies, Veli£kovi¢, Buesing, Blackwell, Zheng, Toma²ev, Tanburn,
Battaglia, Blundell, Juhász, Lackenby, Williamson, Hassabis, Kohli.
Advancing mathematics by guiding human intuition with AI.
Nature, 600, pp. 70�� 74, 2021.
https://doi.org/10.1038/s41586-021-04086-x
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AlphaGeometry and AlphaProof (Slide 4/50)

AlphaGeometry is a tool for Euclidean plane geometry:

Uses LLM trained on large-scale synthetic data, to guide a
symbolic deduction engine.

Evaluated on 30 recent Olympiad-level problems: solved 25;
approaching IMO gold medallist level.

Produces human-readable proofs.

Trinh, Wu, Le, He, Luong (Google DeepMind).
Solving Olympiad geometry without human demonstrations.
Nature, 625, pp. 476�� 482, 2024.
https://doi.org/10.1038/s41586-023-06747-5

AlphaProof : system that trains itself to prove mathematical
statements in the formal mathematics language Lean.
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Computer Algebra (Slide 5/50)

Computer Algebra Systems (CASs) are software for manipulating
mathematical expressions and objects. A CAS givesexact answers.
E.g., a CAS can compute with the symbols13 , � and

p
2 rather

than their approximations 0:33333, 3:14159 and 1:41421.

Source: Stephen J. Brooks (Wikipedia)
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Why Use Computer Algebra? 1/3 (Slide 6/50)

Computer algebra is more expensive than numerics: why use it?
The problem may be ill suited for a numerical solution (e.g.
chaotic behaviour; small inaccuracies give different answers).

https://doi.org/10.1016/j.jsc.2019.07.008
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Why Use Computer Algebra? 2/3 (Slide 7/50)

Accuracy may be particularly important (e.g. safety critical
systems; formal verification; large numerics).

https://doi.org/10.1007/978-94-010-0203-5_18
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Why Use Computer Algebra? 3/3 (Slide 8/50)

Because exact solutions offer fundamental insight that can be
missing from numerical ones. Understand not just what the
solution is but what it means; what properties it has.

https://doi.org/10.1142/S0218127421502023
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Real Quanti�er Elimination (Slide 9/50)

Real Quanti�er Elimination (Real QE)

Given: A quanti�ed formulae (in prenex normal form) whose
atoms are (integral) polynomial constraints;
Produce: a quanti�er free formula logically equivalent overR.

Fully quanti�ed examples:

Input: 9x; x2 + 3x + 1 > 0

Output: True e.g. whenx = 0

Input: 8x; x2 + 3x + 1 > 0

Output: False e.g. whenx = � 1

Input: 8x; x2 + 1 > 0

Output: True

Partially quanti�ed example:

Input: 8x; x2 + bx + 1 > 0

Output: ???

The answer depends on the free
(unquanti�ed) variable,b.
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Partially Quanti�ed QE Example (Slide 10/50)

Consider8x; x2 + bx + 1 > 0.
When b = 0 andb = 3:

8x; x2 + 1 > 0 is True;

8x; x2 + 3x + 1 > 0 is False :

So in general the answer
depends onb.

Input: 8x; x2 + bx + 1 > 0

Output: (� 2 < b) ^ (b < 2)

Computer algebra technology
can produce such answers based
on symbolic reasoning.
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LLM to Create a Gröbner Basis I (Slide 11/50)
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LLM to Create a Gröbner Basis 2 (Slide 12/50)
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LLMs and Computer Algebra (Slide 13/50)

LLMs currently working in tandem with many other tools,
including CASs.

S. Wolfram
WolframAlpha as the Way to Bring Computational Knowledge
Superpowers to ChatGPT.
https://writings.stephenwolfram.com/2023/01/
wolframalpha-as-the-way-to-bring-computational-knowledge
-superpowers-to-chatgpt/

S. Wolfram
New in 14: LLM & AI .
https://blog.wolfram.com/2024/01/16/new-in-14-llm-ai/

LLMs can help the average use make use of CASs; and help CAS
software developers as with developers of other software.
(Q) Can we train ML models to replace computer algebra?
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Computer Algebra via Machine Learning (Slide 14/50)

(Q) Can we train ML models to replace computer algebra?

The �rst attempt was in 2020: transformers to perform symbolic
integration and ODE solving.

G. Lample and D. Charton
Deep Learning for Symbolic Mathematics.
Proc. ICLR 2020.
https://doi.org/10.48550/arXiv.1912.01412

More recently, there has been an attempt at transformers to
directly produce Gröbner Bases.

H. Kera, Y. Ishihara, Y. Kambe, T. Vaccon and K. Yokoyama
Learning to compute Gröbner bases.
Proc. NIPS 2024.
https://openreview.net/forum?id=ZRz7XlxBzQ

Struggles with out of distribution data. Even if performance high,
it does not produce the guaranteed exact results of CAS.
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ML to Optimise Computer Algebra (Slide 15/50)

ML can only o�er probabilistic guidance, but CASs prize exact
results. So how to combine ML and CASs? Possibilities:

Algorithms to validate correctness of ML results?

Algorithms to �x � close� results produced by ML?

Guarantees on �in-distribution� accuracy of ML?

Another option is to integrate the technologies. CASs often
contain multiple algebraic algorithms for the same task to choose
between (Section 2). Further, those individual algorithms often
come with settings to choose in how they are run (Section 3).
These do not e�ect the correctness of the �nal result, but do e�ect
resources required and result presentation.

Hypothesis: ML can make such choices better than developers or
users.
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Challenging / Interesting Machine Learning (Slide 16/50)

Problems do not always neatly �t as regression / classi�cation.

No a priori limit on the input space.

How best to embed the data for a ML algorithm

Supervised learning hard: because labelling dataset needs lots
of expensive computer algebra.

Unsupervised learning is hard: because it is unclear if a
particular outcome is good or bad without seeing the rest.

What constitutes a meaningful and representative data set?

Insu�cient quantities of real world data for deep learning.

How to perform data augmentation / synthetic data
generation to allow for generalisability on problems of interest?

A good area for research!
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Acknowledgements (Slide 17/50)

Collaboration with Rashid
Barket and Jürgen Gerhard.
Sponsored by Maplesoft.
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Inde�nite integration in Maple (Slide 18/50)

Symbolic inde�nite integration is a key feature of CASs, including
Maple where it accessed via the commandint : a meta-algorithm
which does pre-processing and table lookup before accessing a
particular CAS algorithms for integration, of which there are
currently 12 to choose from.
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Integration of special functions (Slide 19/50)

Maple has 100s of special functions implemented, many of which
can appear in integrals.

This adds a layer of complexity which makes the direct ML
solution more di�cult.
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How int currently works (Slide 20/50)

The current default approach forint is to try all 12 sub-algorithms
in a �xed order for an input until one of them succeeds. In some
cases guard code allows for a method to be skipped early on.

Hypothesis: ML can make this more e�cient by tailoring theint
meta-algorithm �ow to a particular problem instance.
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Output Representation (Slide 21/50)

There is clearly scope for computational savings from avoiding
executing sub-algorithms that fail before identifying one that
works. But we also prioritise using algorithms that give �nice
looking� answers.
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Example from the dataset (Slide 22/50)

The di�erence in answer sizes can be signi�cant!
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Data Generation (Slide 23/50)

Maplesoft have an internal test suite developed over the years:
� 47k examples. Signi�cant, but not su�cient for deep learning.
We use this as the validation dataset and seek to use an
alternative� synthetic � dataset for testing.

We started with the same synthetic data as Lample and Charton:

G. Lample and D. Charton
Deep Learning for Symbolic Mathematics.
Proc. ICLR 2020.
https://doi.org/10.48550/arXiv.1912.01412
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Lample & Carton (2020) Data Generation (Slide 24/50)

Lample and Charton identi�ed three approaches to generating
synthetic (integrand, integral) pairs:

FWD: Integrate a random expressionf using a CAS to get
F and add(f ; F) to dataset.

BWD: Di�erentiate a random expressionf with a CAS to
get f 0 and add(f 0; f ) to the dataset.

IBP: Di�erentiate two random expressionsf ; g to get
f 0; g0. Then if

R
f 0g is �known� we may calculate
Z

fg0 := fg �
Z

f 0g

and add the pair(fg0; fg �
R

f 0g) to the dataset.
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Problems with Lample & Carton (2020) Data (Slide 25/50)

1. Potential Biases: The FWD dataset has integrands much
shorter than integrals; the BWD dataset the opposite. Training
one one dataset and testing on the other showsvery poor
accuracy. No independent validation dataset to test on.

2. Potential Data Leakage: There are lots ofvery similar
expressions. Substituting all coe�cients with a symbolic CONST
token reduced the datasets to 35%, 75% and 24% of their sizes.

E. Davis.
The Use of Deep Learning for Symbolic Integration: A Review of [LC20]
https://arxiv.org/abs/1912.05752

B. Piotrowski, C. Brown, J. Urban and C. Kaliszyk.
Can Neural Networks Learn Symbolic Rewriting?.
In: Proc. AITP '19, 2019.
https://graphreason.github.io/papers/40.pdf
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From Barket et al. (2023)
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New Data Generation Methods (Slide 26/50)

We sought inspiration by reverse engineering classical results in
computer algebra: the Liouville Theorem and the Risch Algorithm.

R. Barket, M. England, and J. Gerhard.
Generating Elementary Integrable Expressions
Proc. CASC '23, LNCS 14139, pp. 21� 38, 2023.
https://doi.org/10.1007/978-3-031-41724-5_2

R. Barket, M. England, and J. Gerhard.
The Liouville Generator for Producing Integrable Expressions
Proc. CASC '24, LNCS 14938, pp. 47� 62, 2024.
https://doi.org/10.1007/978-3-031-69070-9_4
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Our dataset in what follows (Slide 27/50)

We use a large dataset drawn from all of the data generation
methods. Although we hypothesise that the latter generator could
actually be su�cient alone.

The examples contain constants up to three digits long. However,
for ML training we:

tokenize to extract minus signs separately;

replace constants> 2 by symbolic tokens encoding only their
number of digits: CONST1, CONST2, CONST3.

Any duplicate examples after this replacement are discarded.

E.g. 2x2 � 15x + 1 becomes 2x2� CONST2x + 1 for ML training.
This removes the data leakage fears from earlier.
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Guarding integration methods (Slide 28/50)

Task: train a binary classi�er to predict an integration method will
succeed on a particular input.

Aim: To potentially replace guard code for methods that have
them; provide guards for those that do not.

Method: Transformers reading integrands as strings (in Polish
notation to reduce length), similar to Lample & Charton (2020).

R. Barket, U. Sha�q, M. England, and J. Gerhard.
Transformers to Predict the Applicability of Symbolic Integration Routines
Proc. MATH-AI at NeuroIPS '24, 2024.
https://openreview.net/forum?id=b2Ni828As7

M. England Learning to Optimise Computer Algebra



Introduction
Learning Integration Algorithm Selection

Learning a Good Variable Ordering

Problem and Data Generation
ML Experiments
Can XAI Reveal Anything?

Guarding integration methods� Results (Slide 29/50)
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