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Field of st

Symbolic Computation is the study and development of algorithms
and software for manipulating mathematical expressions and
objects. Implemented in Computer Algebra Systems (e.g. Maple,
Mathematica, Maxima, Sage, Singular, ...
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Symbolic Computation is the study and development of algorithms
and software for manipulating mathematical expressions and
objects. Implemented in Computer Algebra Systems (e.g. Maple,
Mathematica, Maxima, Sage, Singular, ...

— — QN R
Source: Stephen J. Brooks (Wikepedia)
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Why use s

It takes much more computational
resources so why use it?

o If there is no practical way to
obtain a numerical solution.

o If the improved accuracy is
important.
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Why

It takes much more computational
resources so why use it?

@ If there is no practical way to
obtain a numerical solution.

o If the improved accuracy is
important.

@ Because exact solutions offer
fundamental insight that can be
missing from numerical ones

In most practical cases symbolic
computation is used in tandem with
numerical computation.

Source: Nasa (Wikepedia)
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Cylindrical Algebraic Decomposition
How to Build a CAD?
Why Build a CAD?

What is a

A Cylindrical Algebraic Decomposition (CAD) is a mathematical
object (but also used to refer to an algorithm which creates one).
Defined in the 1970s by George Collins who also gave the first
CAD algorithm.
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A Cylindrical Algebraic Decomposition (CAD) is a mathematical
object (but also used to refer to an algorithm which creates one).
Defined in the 1970s by George Collins who also gave the first
CAD algorithm. A CAD is:

@ a decomposition meaning a partition of R” into connected
subsets called cells;

@ (semi)-algebraic meaning that each cell can be defined by a
sequence of polynomial equations and inequations.
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How to Build a CAD?
Why Build a CAD?

What is a

A Cylindrical Algebraic Decomposition (CAD) is a mathematical
object (but also used to refer to an algorithm which creates one).
Defined in the 1970s by George Collins who also gave the first
CAD algorithm. A CAD is:

@ a decomposition meaning a partition of R” into connected
subsets called cells;

@ (semi)-algebraic meaning that each cell can be defined by a
sequence of polynomial equations and inequations.

@ cylindrical meaning the cells are arranged in a useful manner -
their projections (relative to a given variable ordering) are
either equal or disjoint.
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Cylindrical Algebraic Decomposition
How to Build a CAD?
Why Build a CAD?

Example

A CAD of R? is given by the following collections of 13 cells:

[x <-1y=y],

[x=-1,y <0],[x=-1,y =0],[x =1,y > 0],
[-1<x<1,y°+x>—1>0,y>0],
[-1<x<1,y°+x>—1=0,y > 0],
[-1<x<1,y?+x>—1<0],
[-1<x<1,y°+x>—1=0,y <0],
[-1<x<1,y>+x>—1<0,y <0],
[x=1,y<0],[x=1,y=0],[x =1,y > 0],
[x>1y=y]
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How to Build a CAD?
Why Build a CAD?

Example

A CAD of R? is given by the following collections of 13 cells:

x<-l{[x<-Ly=y]
x=-1{[x=-1,y <0],[x=—1,y =0],[x =—1,y > 0],
{([F1<x<1,y’+x*-1>0,y > 0],
{([F1<x<1,y?+x*-1=0,y > 0],
—l<x<1{[-1<x<1ly’+x*-1<0],
{([-1<x<1,y’+x*-1=0,y <0,
([F1<x<1,y?4+x>-1<0,y <0,
x=1{[x=1,y<0],[x=1,y=0],[x =1,y > 0],
x>1{[x>1y=y]
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Cylindrical Algebraic Decomposition
How to Build a CAD?
Why Build a CAD?

Traditionally a CAD is
produced from a set of
polynomials such that each
polynomial has constant
sign (positive, zero or
negative) in each cell. Such
a CAD is said to be

sign-invariant.
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Traditionally a CAD is ; 2-

produced from a set of
polynomials such that each
polynomial has constant
sign (positive, zero or
negative) in each cell. Such
a CAD is said to be
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Cylindrical Algebraic Decomposition
How to Build a CAD?
Why Build a CAD?

How to bui

Projection: Apply an operator to the input polynomials in R” to
receive a set in R"~1. Repeat.

Base: Build CAD of R! sign-invariant for univariate polynomials by
isolating their real roots.

Lifting: Identify cells in R? by: taking each cell in R!; evaluating
bivariate polynomials at sample point; isolating real roots. Repeat.

R" R"
Projection I
Rn‘_l Lifting R
A
! |
|
A\ Base |
R! R!
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Cylindrical Algebraic Decomposition
How to Build a CAD?
Why Build a CAD?

How to bui

Projection: Apply an operator to the input polynomials in R” to
receive a set in R"~1. Repeat.

Base: Build CAD of R! sign-invariant for univariate polynomials by
isolating their real roots.

Lifting: Identify cells in R? by: taking each cell in R!; evaluating
bivariate polynomials at sample point; isolating real roots. Repeat.

The key mathematics is proving

R" I
that working at a sample point
Projection . . .
guarantees sign-invariance over
R"‘—l Lifting B™ whole cell. Requires appropriate
! N projection operator (usual
|
v Base 1 ingredients: resultants,
Rl Rl

discriminants and coefficients).
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Cylindrical Algebraic Decomposition
How to Build a CAD?
Why Build a CAD?

The original motivation for CAD was Quantifier Elimination (QE).

Given a polynomial formula with quantifiers V (for all) or 3 (there
exists) QE means identify an equivalent quantifier free formula.
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The original motivation for CAD was Quantifier Elimination (QE).

Given a polynomial formula with quantifiers V (for all) or 3 (there
exists) QE means identify an equivalent quantifier free formula.

Bx)(x*+ax+b=0) <= 4b—a*><0

A CAD for the polynomials involved can perform QE over real
numbers;
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Why build

The original motivation for CAD was Quantifier Elimination (QE).

Given a polynomial formula with quantifiers V (for all) or 3 (there
exists) QE means identify an equivalent quantifier free formula.

Bx)(x*+ax+b=0) <= 4b—a*><0

A CAD for the polynomials involved can perform QE over real
numbers; thus solve problems throughout engineering & science.

@ derivation of optimal numerical schemes (Erascu-Hong, 2014)
artificial intelligence (Todai Robot Project)
automated theorem proving (Paulson, 2012)
parametric optimisation (Fotiou et al., 2005)
automated loop parellisation (Grosslinger et al. 2006)
epidemic modelling (Brown et al., 2006)
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Cylindrical Algebraic Decomposition
How to Build a CAD?
Why Build a CAD?

e Computationally .
expensive.

@ In the worst case,
doubly exponential
complexity in the ‘ i ure =l
number of variables. TN 1

@ Output contains far IERE R e *ﬁﬁN
more information that 188! il
required for the — ;

SRS
S -

application. NS

NI

Thus important to optimise the CAD algorithm for specific
application / input.
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Truth Invariance
CAD for Boolean Formulae Equational Constraints
Truth Table Invariance

Truth inva

Sign-invariant CAD refines the space in more detail than needed
for most applications. Usually a CAD that is truth-invariant for
formulae will suffice.

@ Implied by sign-invariance of polynomials in formulae;

@ But can usually be achieved with far less cells.
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Truth Invariance
CAD for Boolean Formulae Equational Constraints
Truth Table Invariance

Truth inva

Sign-invariant CAD refines the space in more detail than needed
for most applications. Usually a CAD that is truth-invariant for
formulae will suffice.

@ Implied by sign-invariance of polynomials in formulae;

@ But can usually be achieved with far less cells.
Approaches to achieve truth-invariance:

@ Refine sign-invariant CAD once produced;

@ Terminate lifting once truth determined;

@ Adapt projection according to formula structure.
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© CAD for Boolean Formulae

@ Equational Constraints

Matthew England Recent Advances in CAD



Truth Invariance
CAD for Boolean Formulae Equational Constraints
Truth Table Invariance

An Equational Constraint (EC) is a polynomial equation logically
implied by a Quantifier Free Tarski Formula (QFF). Either:

Explicit when an atom of the formula; as f =0 is in

p=(f=0) ¢
Implicit otherwise; as f1if, =0 is in

Y= (A=0Ap1)V(h=0Ap).
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Truth Invariance

CAD for Boolean Formulae Equational Constraints
Truth Table Invariance

Equational

An Equational Constraint (EC) is a polynomial equation logically
implied by a Quantifier Free Tarski Formula (QFF). Either:

Explicit when an atom of the formula; as f =0 is in
p=(F=0)Ap.
Implicit otherwise; as f1if, =0 is in
Y=(h=0Ap1)V(h=0Agp).

Intuitively: when a formula has an EC the space described
decreases in dimension by one. Thus the CAD required to describe
it should be similarly less complicated. How to achieve this
simplification?
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Truth Invariance
CAD for Boolean Formulae Equational Constraints
Truth Table Invariance

Improved C

1998: Basic idea proposed by Collins.

Basic idea is to just use the resultants of EC polynomial with all
others instead of all possible cross resultants.
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Improved C

1998: Basic idea proposed by Collins.
Basic idea is to just use the resultants of EC polynomial with all
others instead of all possible cross resultants.
1999: New operator verified by McCallum for use in first
projection only.
2001: McCallum describes how to propagate and use ECs in
subsequent projections.
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Truth Invariance
CAD for Boolean Formulae Equational Constraints
Truth Table Invariance

1998: Basic idea proposed by Collins.

Basic idea is to just use the resultants of EC polynomial with all
others instead of all possible cross resultants.
1999: New operator verified by McCallum for use in first
projection only.
2001: McCallum describes how to propagate and use ECs in
subsequent projections.
2015: England-Bradford-Davenport:
@ describe how lifting stage should be
correspondingly modified;
@ prove that double exponent of complexity in m
falls by number of ECs used.
2016: Now aiming to reduce double exponent of complexity
in d also.
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Truth Invariance
CAD for Boolean Formulae Equational Constraints
Truth Table Invariance

Worked

Let z > y > x > u > v and define
p=HL=0AHL=0Af=0Afhb=0Ag>0Ah>0,

ﬂ::x—y+z2, fg:zzz—uz—&—vz—l, g::xz—l7
f3::x—|—y—|—22, =224+’ —v>—1, h:=z.
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Truth Table Invariance

Let z > y > x > u > v and define
p=HL=0AHL=0Af=0Afhb=0Ag>0Ah>0,

ﬂ::x—y+22, fg:zzz—uz—&-v2—1, g::xz—l7

fr=x+y+2z>, f=22+uv>—v?—1, h:=z.

Il
| H
\.'_l \,<

N < X ©
1l
= o
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Truth Invariance
CAD for Boolean Formulae Equational Constraints
Truth Table Invariance

Worked exa

Let z > y > x > u > v and define
p=HL=0NHL=0A=0Afpb=0Ag>0Ah>0,

2

fi=x—y+2z>, h=22—u’+v* -1, g:=x>-1,

fi=x+y+2°, fo=2+u"—v’ -1, h:=z

e Sign-invariant CAD [1998] for all 6 polynomials has
1,118,205 cells.

e Using a single EC [1999] we have (depending on EC choice)
11,961, 30,233, 158,475 or 158,451 cells.

e Propagating ECs [2001]: gives 21,079 cells by default, with
as little as 5633 by making the correct designation.

o Lifting improvements [2015] leads to 113, 103 or 93 cells
depending on EC designation.
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Truth Invariance
CAD for Boolean Formulae Equational Constraints
Truth Table Invariance

Why are there different possible cell counts with the same
algorithm?
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Truth Invariance
CAD for Boolean Formulae Equational Constraints
Truth Table Invariance

Why are there different possible cell counts with the same
algorithm? There are 4 explicit ECs all with main variable z.
However, taking repeated resultants finds many implicit ECs:

We can only make use of one EC for each

mvar z 4
mvar v 5 projection. Hence 60 different possibilities for
Y EC designation (and 3 different outputs).
mvar x 3
mvar u 1 This is just one of many choices that can
affect how a CAD algorithm performs.
mvar v 0

Other choices include: the variable ordering; algorithm variant;
whether the input undergoes any pre-processing; the order
polynomials are processed, ...
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© CAD for Boolean Formulae

@ Truth Table Invariance
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Truth Invariance
CAD for Boolean Formulae Equational Constraints
Truth Table Invariance

Motivating

Consider the polynomials:

f1::X2—|—y2—1 gl;:xy_%
him (x— 4P+ (- 121 &=(x—4-1)-}
We wish to find the regions of R? where the formula ® is true:

®:=(A=0Ag1 <0)V(RL=0Ag <0)
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Motivating

Consider the polynomials:

f1::X2—|—y2—1 gljzxy—%
hi=(x—4>2+(y—-1P7-1 go:=x-4(y-1)-1

We wish to find the regions of R? where the formula ® is true:

¢:=(A=0Ag1<0)V(h=0Ag <0)

e Sign-invariant CAD for {f1, g1, 2, g2) has 317 cells.

@ There is implicit EC: f1f,. Using this gives 249 cells. But it
identifies unnecessary features such as intersection of g» & fi.
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Truth Invariance
CAD for Boolean Formulae Equational Constraints
Truth Table Invariance

Motivating
Consider the polynomials:

fii=x"+y? —1 g =Xy — 3
hi=(x=4+(-1)-1 g=(-4y-1)-;

We wish to find the regions of R? where the formula ® is true:

CD::(fl:O/\gl<0)\/(f2:0/\g2<0)
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Truth Invariance
CAD for Boolean Formulae Equational Constraints
Truth Table Invariance

Motivating

Consider the polynomials:
fl::x2+y2—1 gl::xy—%
fh=(x—42+( -1 -1 g@:=(x—4)(y—1)—3
We wish to find the regions of R? where the formula ® is true:

®:=(A=0Ag1 <0)V(RL=0Ag <0)

06+
0.5

(THEEE

0.3
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Truth Invariance
CAD for Boolean Formulae Equational Constraints
Truth Table Invariance

Truth-table

Given a sequence of quantifier free formulae (QFF) we define a
truth table invariant CAD (TTICAD) as a CAD such that each
formulae has constant truth value on each cell.

@ In 2013 Bradford-Davenport-England-McCallum-Wilson
verified a new operator to produce TTICADs when each
formula had an EC.

@ For the above example the cell count reduces to 105 cells.

@ 2016 paper extended this to the case of any formulae (with
improvements if at least one has an EC). In this case previous
EC technology could not be applied.
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Truth Invariance
CAD for Boolean Formulae Equational Constraints
Truth Table Invariance

Example: Consider the proposed simplification

V722 —1V722 4+ 1 =+/z* — 1 where z € C. The three functions
involved have branch cuts:

4,01::2xy:0/\x2—y2<1, @2::2xy:0/\x2—y2<—1,
Y3 1= 4><3y—4xy3 :OAX4—6X2y2+y4 <1

Matthew England Recent Advances in CAD



Truth Invariance
CAD for Boolean Formulae Equational Constraints
Truth Table Invariance

Example: Consider the proposed simplification

V722 —1V722 4+ 1 =+/z* — 1 where z € C. The three functions
involved have branch cuts:

4,01::2xy:0/\x2—y2<1, @2::2xy:0/\x2—y2<—1,
Y3 1= 4><3y—4xy3 :OAX4—6X2y2+y4 <1

We want to decompose according to these and test the truth of
the identity on each cell. A sign-invariant CAD for the polynomials
involved would do this but a TTICAD is simpler.
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CAD by Regular Chains
Further Improvements to CAD References

Further img

Other recent improvements to CAD include:

@ Symbolic-Numeric lifting using interval arithmetic
(SyNRAC team at Fujitsu)

@ Non-Uniform CAD (Chris Brown at US Naval Academy)

@ Single CAD cell construction
(Jovanovic and de Moura at Microsoft)
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Further img

Other recent improvements to CAD include:

@ Symbolic-Numeric lifting using interval arithmetic
(SyNRAC team at Fujitsu)

Non-Uniform CAD (Chris Brown at US Naval Academy)

Single CAD cell construction
(Jovanovic and de Moura at Microsoft)

Heuristics for CAD problem formulation.
CAD by Regular Chains.
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© Further Improvements to CAD
@ Heuristics for Problem Formulation
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Heuristics for Problem Formulation
CAD by Regular Chains
Further Improvements to CAD References

Problem fo

There have been numerous improvements and developments to
CAD theory and implementations but perhaps less focus on how
we use / formulate problems for the technology.

Any CAD is produced relative to an ordering on the variables
(defining which projections the cylindricity is defined against)
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Further Improvements to CAD References

Problem

There have been numerous improvements and developments to
CAD theory and implementations but perhaps less focus on how
we use / formulate problems for the technology.

Any CAD is produced relative to an ordering on the variables
(defining which projections the cylindricity is defined against)

Consider a sign-invariant CAD for f := (x — 1)(y2 +1) — 1. Then
there are two possible minimal CADs:

3 cells (2 full dimensional) 11 cells (5 full dimensional)
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Heuristics for Problem Formulation
CAD by Regular Chains
Further Improvements to CAD References

The variab

Depending on the underlying application we may have a choice for
the variable ordering. For quantifier elimination:

@ Variables must be projected in the order they are quantified,
with free variables projected last. However,
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Further Improvements to CAD References

The variabl

Depending on the underlying application we may have a choice for
the variable ordering. For quantifier elimination:

@ Variables must be projected in the order they are quantified,
with free variables projected last. However,

@ The order of projection can be swapped for free variables and
variables in blocks of the same quantifier.

Davenport and Brown presented examples where changing the
variable ordering would change the number of cells required from
constant to doubly exponential in the number of variables.

There are a series of papers developing heuristics for this and other
formulation issues. Surveyed in (England, 2014)
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Heuristics for Problem Formulation
CAD by Regular Chains
Further Improvements to CAD References

Machine |

Along with Zongyan Huang, Lawrence Paulson and James Bridge
we developed a machine learned heuristic for CAD variable
ordering.

@ 7000 CAD problems tested (largest ever)

o Identified subsets of problems where each existing heuristic
did best.

@ So cannot recommend the best on average exclusively.
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Along with Zongyan Huang, Lawrence Paulson and James Bridge
we developed a machine learned heuristic for CAD variable
ordering.

@ 7000 CAD problems tested (largest ever)

o Identified subsets of problems where each existing heuristic
did best.

@ So cannot recommend the best on average exclusively.
@ Instead, built a meta-heuristic using machine learning (SVM).
@ Did better on average than any one heuristic.

Recently applied the same method to the question of
pre-processing input with Groebner Bases.
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© Further Improvements to CAD

@ CAD by Regular Chains
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Further Improvements to CAD References

< 2009 All CAD research involved projection & lifting in R”.
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< 2009 All CAD research involved projection & lifting in R”.
ISSAC 2009: Chen, Moreno Maza, Xia & Yang give new approach.
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< 2009 All CAD research involved projection & lifting in R”.
ISSAC 2009: Chen, Moreno Maza, Xia & Yang give new approach.
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RC-CAD starts with a complex cylindrical decomposition (CCD).
Example: The tree below represents a sign-invariant CCD for
p := x? + bx + ¢ under variable ordering ¢ < b < x.

c=0 c#0
b=0 b#0 b2_4ﬁc#0
PN N
x=0 x#0 p=0 p#0 /\ ﬁ#o

2x+b=0 2x+b#£0 P7
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RC-CAD starts with a complex cylindrical decomposition (CCD).
Example: The tree below represents a sign-invariant CCD for
p := x? + bx + ¢ under variable ordering ¢ < b < x.

c=0 c#0
bZO b7é0 2 2
bs—4c=0 bs—4c#0

x=0 x#0 p=0 p#£0 T N
x4+b=0 2x+b#0o P=0 P#O

This shows the key advantage of RC-CAD: case distinction. The

polynomial b is not sign-invariant for the whole decomposition,

only when required.
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History of

CCDs may be calculated using the theory of triangular

decomposition by regular chains:

ISSAC 2009: Utilising existing algorithms in the REGULARCHAINS
Library.

ASCM 2012: Using custom built algorithms, now part of the
REGULARCHAINS Library.

Latter algorithms work incrementally: refining tree one polynomial

at a time.
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CCDs may be calculated using the theory of triangular

decomposition by regular chains:

ISSAC 2009: Utilising existing algorithms in the REGULARCHAINS
Library.

ASCM 2012: Using custom built algorithms, now part of the
REGULARCHAINS Library.

Latter algorithms work incrementally: refining tree one polynomial

at a time. Makes simplification with ECs possible: if an EC is not

satisfied on a branch then no further refinement of branch.

CASC 2014: Developed TTICAD in the RegularChains
framework.
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Constraint orderi

This simplified version of the example has four different constraint
orderings and associated cells counts ranging from 25 to 81.
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The End

Contact Details

Matthew.England@coventry.ac.uk

http://computing.coventry.ac.uk/~mengland/
EC 3-12.

References are on the following slides.
Slides available to download from website.

Thanks for listening!
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