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Motivation Abelian functions
The basis problem

Abelian functions associated to algebraic curves

We consider functions periodic w.r.t. the period lattice A of an
algebraic curve of genus g. If wy,wo are the period matrices then

N ={wim+wyn|m,neZ8}.

Definition

Let M(u) be a meromorphic function of (u1, uo, ..., ug) = u € C8.
Then M(u) is an Abelian function associated with the curve if

M(u + win + wom) = M(u),

for all integer vectors n, m € Z& where Mi(u) is defined.

The simplest case are the elliptic functions, when g = 1.
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Motivation Abelian functions
The basis problem

Kleinian g-functions

Kleinian g-functions

Define the Kleinian @-functions as the second log derivatives of the
curve's multivariate o-function, o = o(u) = o(uy, w2, ..., ug) :

We can extend this notation to higher order derivatives:

8m

Pityesim = ~9u ou Ino(u), hn<---<ime{l,2,..,g}

They are all Abelian functions and those with m indices have poles
of order m on the ©-divisor.
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Motivation Abelian functions
The basis problem

Motivation

o Elliptic functions have many well-known
applications.

o Arose from attempts to calculate the arc-length

of an ellipse and a lemniscate. ‘.

XD
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Motivation

o Elliptic functions have many well-known
applications.

o Arose from attempts to calculate the arc-length
of an ellipse and a lemniscate.

o Give soliton solutions to the KdV-equation.

o Also dynamics of pendulums, cryptography and
probability.
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Motivation

o Elliptic functions have many well-known
applications.

o Arose from attempts to calculate the arc-length
of an ellipse and a lemniscate.

o Give soliton solutions to the KdV-equation.

o Also dynamics of pendulums, cryptography and
probability.

@ Abelian functions also finding applications.

e Solutions to various integrable equations from
the KP-hierarchy.

e Also used to describe the Kummer surface, to
describe the motion of a double pendulum, and
to give the geodesic motions in certain
space-time metrics.
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Motivation Abelian functions
The basis problem

Bases of Abelian functions

Let ['(m) be the vector space of Abelian functions with poles of
order at most m occurring only on the ©-divisor.
We seek bases for such spaces.

@ The Riemann-Roch theorem for Abelian varieties gives
dim(l'(m)) = g™.

e We start by including the basis for ['(m — 1). We then need to
find g™ — g™~ ! linearly independent functions with poles of
order exactly m.

@ The m-index Kleinian p-functions may all be included.
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Motivation Abelian functions
The basis problem

Example: Genus one case

Space Dim Basis
r(0) 1 1
r(1) 1 1
r2) 2 1,0
r(3) 3 L, ¢
r(4) 4 Lp, ¢, "
r(m) m Lo, ¢, 0", ... 0oMm2

A table of bases for the elliptic case: Here @ is the Weierstrass
elliptic g-function.
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Motivation Abelian functions
The basis problem

Example: Genus two case

Space | Dim Basis for I'(m)\I'(m — 1)
ro) | 1 1
r(1) 1
F(2) 4 11, 912, §922
rae) | 9 P11, 112, P122, 222, A
r¢4) | 16 P1111, - - - 5 92222, 014, O A
F(5) | 25 | p11111,-- -, 922222, 0114, 012, O A
r(m) m? {pil-nim}? {81'1 st aim—2A}

A table of bases for the genus two case: Here we use genus
two Kleinian p-functions and the function A = 11900 — g;)%z along
with its derivatives. We use 9; for differentiation with respect to u;
and {-} to denote all functions of that form.
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The basis problem

The basis problem

e We know the dimension of ['(m). For (n,s)-curves at least,
there are well developed techniques to test the linear
independence of elements using the o-expansion and weight
arguments. The basis problem is hence the identification of
enough suitable functions of a given pole order.
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The basis problem

The basis problem

e We know the dimension of ['(m). For (n,s)-curves at least,
there are well developed techniques to test the linear
independence of elements using the o-expansion and weight
arguments. The basis problem is hence the identification of
enough suitable functions of a given pole order.

@ Bases have been built for various specific cases. These
required new functions, usually defined as polynomials in
p-functions with coefficients identified through a pole
matching procedure, analogous to A.
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The basis problem

e We know the dimension of ['(m). For (n,s)-curves at least,
there are well developed techniques to test the linear
independence of elements using the o-expansion and weight
arguments. The basis problem is hence the identification of
enough suitable functions of a given pole order.

@ Bases have been built for various specific cases. These
required new functions, usually defined as polynomials in
p-functions with coefficients identified through a pole
matching procedure, analogous to A.

@ However, for g > 2 hyperelliptic and g > 3 non-hyperelliptic,
these bases are not finitely generated by differentiation, so
infinitely many new functions are required.
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Motivation Abelian functions
The basis problem

The Hirota operator and p-functions

We can define Hirota's bilinear operator as

o0 0
'_8u,- 8V;.

We may then check that

01(u) = 5o DD (u)o(v)

v=u
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Motivation Abelian functions
The basis problem

The Hirota operator and p-functions

We can define Hirota's bilinear operator as

o0 0
'_8u,- 8V;.

We may then check that

01(u) = 5o DD (u)o(v)

v=u

This was identified by Baker and so a more appropriate name for
D; might be a Baker-Hirota operator.
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Motivation Abelian functions
The basis problem

The @-functions

The Q-functions
We define the n-index @-functions as

Qirio,...in(U) = ((1;217,117:2 .Dj,o(u)o(v)

v=u

@ So Qjj = pjj. But further indices denote application of
operators, not differentiation.

o Note that is applied with n odd then they are identically zero.

o First Q-function used by Baker. The 4-index functions defined
in EEMOPOQ7. Six index functions required for theory of
non-hyperelliptic genus six curves.
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Bases of I'(2)

All Q-functions are Abelian functions with poles of order two and
so can be used to construct bases of I'(2).

@ Genus 3 hyperelliptic: {1, p11, P12, P13, P22, 23, P33, Q2222 }.
e Genus 3 trigonal: {1, p11, P12, P13, P22, 23, £33, Q1333 }-
e Genus 6 tetragonal: {p11,..., 966, Q5566 - - - » Q1144, Q114466 }-

Matthew England Hirota Operators and Abelian Functions



Motivation Abelian functions
The basis problem

Bases of I'(2)

All Q-functions are Abelian functions with poles of order two and
so can be used to construct bases of I'(2).

@ Genus 3 hyperelliptic: {1, p11, P12, P13, P22, 23, P33, Q2222 }.
e Genus 3 trigonal: {1, p11, P12, P13, P22, 23, £33, Q1333 }-
e Genus 6 tetragonal: {p11,. .., 966, @s566, - - - » Q144, Q114466 }-

The choice of functions is not unique. Usually we can replace a
given function by any other that has the same weight.

Aim: To define something similar to Q-functions, which can be
used to complete bases for I'(m) where m > 2.
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Outline

© Generalised Hirota operators and R-functions

Matthew England Hirota Operators and Abelian Functions



Definitions
Generalised Hirota operators and R-functions Proofs and examples

Changing notation to tensor products

The original Hirota derivatives act on pairs, not products.

The Hirota operator is bilinear over addition and scalar
multiplication, so we can treat the pairs as tensor products. The
original Hirota derivative is then a composition of the Hirota
operators with a total symmetrization operator, S, mapping from
the tensor to the differential polynomial algebra:

FoF 25 FoF =, F

fog v fog—fog > fg—fg.

where F denotes a k-algebra of appropriate k-valued functions, for
some field k. In this talk we let kK = C.
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Definitions
Generalised Hirota operators and R-functions Proofs and examples

Generalised Hirota operators

We now work with the tensor product of m multivariate functions.
R, flkl = flll & ...  FIm]
The variables are u = (u1, ..., ug). Define the operator O,U] by

aiU](f[l]®...®fU]®...®f[m]):f[1]®...®f’_m®...®f[m]_
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Generalised Hirota operators

We now work with the tensor product of m multivariate functions.
R, flkl = flll & ...  FIm]
The variables are u = (u1, ..., ug). Define the operator O,U] by

Mg . gllg..gfm) =fllg.. . gflg.. gfm

Generalised Hirota operators

Define ’H,[m] to be the mth order generalised Hirota operator which
acts on the tensor product of m functions as

I <(§) f[k]> _ Y Lol @ flH,
k=1 =i k=1

where ( is a primitive mth root of unity.

v
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Connection with previous results

When m = 2 we have
1l (feg =feg-fog

The total symmetrization operator acts as

S <(§) f[k]> = ﬁ FIA
k=1 k=1

So we see,

1
Qiy,.in = —?5 o 7-[512] 0-+-0 HE] (c®o0).

Matthew England Hirota Operators and Abelian Functions



Definitions
Generalised Hirota operators and R-functions Proofs and examples

‘R-functions

Define the n-index mth order R-functions as

m 1 m m =
R .]..,i,,:<—> SO/HEI]O"‘O/HE-H]®O'
k=1

mo™
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‘R-functions

Define the n-index mth order R-functions as

I1yee5In mo™m

m 1 m m s
Rlm _ <_> Sorm oo™ Q) o
k=1

@ The functions clearly have poles of order m. We find they are
also Abelian and so can be used to construct bases of ['(m).

@ We find that they are identically zero unless m|n.

@ We have,
_ pl2
Qilv--~7in - Rf1,...7in
_ plnl
pilv"'uin - Ril,...,i,,
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Sketch proof of periodicity |

@ The o-function is quasi-periodic. For £ € A we have
o(u+£) = ho(u) where h = e ("9 and Liss.t. all L; = 0.
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Sketch proof of periodicity |

@ The o-function is quasi-periodic. For £ € A we have
o(u+£) = ho(u) where h = e ("9 and Liss.t. all L; = 0.

@ Define a multiplication operation between tensor products as

& . (R g = ) FglH],
k=1 k=1 k=1
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Sketch proof of periodicity |

@ The o-function is quasi-periodic. For £ € A we have
o(u+£) = ho(u) where h = e ("9 and Liss.t. all L; = 0.

@ Define a multiplication operation between tensor products as
® Al ®g[k] - ® f[k]g[k]_
k=1 k=1 k=1
© The Hirota operators satisfy a corresponding product rule,
e <® . & gm) ® K gy (@ gm)
k=1 k=1
+ ® gl Hgml <® f[k]> .
k=1 k=1
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Sketch proof of periodicity Il

© There is a corresponding Leibniz Rule,

M o o gyl (é fm) _ <(§) g[k1>
' ! k=1 k=1
— 3y (ig) ,c[k1> i (g@ gm) _
=1 =1

(=0men

I the set of disjoint partitions, , of the indices {i,..., iy}
[m]

into two subsets 7 and 7y of lengths n — £ and /. ”HWT
denotes concatenation of generalised Hirota operators.
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Sketch proof of periodicity Il

© There is a corresponding Leibniz Rule,

7.41"’] o oHM (é f[k]> . <é g[k]>

k=1
— Z Z fH[m] <® f k]) 7[{;7] <® g[k]> )
¢=0men k=1
I the set of disjoint partitions, , of the indices {i,..., iy}

into two subsets 7 and 7y of lengths n — £ and /. /HL',n]
denotes concatenation of generalised Hirota operators.

© We may show inductively that for all n

SOHE{Y‘]O-“OHET]®h:0.
k=1
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Sketch proof of periodicity Il

So putting it all together,

[m] _ 1 [m] (M &
Ri . i(u+€)= <— m(ha)’") (S oMo o H™ (X ha) by 1

k=1

—<— - ) SoHMo o?—t[m]®h Qo by 2
mhmgm f 1

— () (502 S <®h> ) <®a> by 4
mho =0 ren k=1

:<— L > hm~SoH[m]o-.-o’H[m]éa by 5
mhmo-m n In et

[m]
= Ril,...,i,,(u)
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Sketch proof of identically zero properties |

@ We observe that

le[lm] o . H[m] ® f[k] _ Z Z CZ Z ® [ ]

PEPT eV (p) mel(y) k=1

where p are partitions of n, v permutations of p and 7 set
partitions of {i1,...,in} into subsets of lengths given by .
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Sketch proof of identically zero properties |

@ We observe that
m
Hl[l'"]o...oHE,’T]®f[k]: > % ¢z S Rk £lK]
k=1 pPEPT eV (p) meN() k=1

where p are partitions of n, v permutations of p and 7 set
partitions of {i1,...,in} into subsets of lengths given by .
@ Then, with X, = ¢¥1 we can show

SoH!™o OH["’](X)f— S M) Y (ﬁ )

pePM weM(p)

Here M,(x) are monomial symmetric functions. E.g.
2 2 2 2 .2 2
Miz,1,01(x1, %2, X3) = X{ X2 + X7 X3 + X1X5 + X1X3 + X3 X3 + X235
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Sketch proof of identically zero properties Il

© For X, = ¢k~ the power sum symmetric functions are

fm if m|k
Pk=19 o otherwise
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Sketch proof of identically zero properties Il

© For X, = ¢k~ the power sum symmetric functions are

fm if m|k
Pk=19 o otherwise

@ All symmetric functions may be expressed as a polynomial in
Pls---,Pm- Using the degree of polynomials as a grading, we
see that unless m|n, then such expressions for M,(x) will be

m
zero, and hence RE-l ] i, also.
IR
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Sketch proof of identically zero properties Il

© For X, = ¢k~ the power sum symmetric functions are

fm if m|k
Pk=19 o otherwise

@ All symmetric functions may be expressed as a polynomial in
Pls---,Pm- Using the degree of polynomials as a grading, we
see that unless m|n, then such expressions for M,(x) will be

m
zero, and hence RE-l ] i, also.
IR

@ If njm then p = [n,0,...,0] € PJ" and M;(X) = pn(X) # 0,

m . . . .
so RE& ] ;, is not identically zero in these cases.
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Sketch proof that all Kleinian g@-functions are R-functions

@ We introduce ¢ such that o = e®. Then Oitresin = — Qi in-
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Definitions
Generalised Hirota operators and R-functions Proofs and examples

Sketch proof that all Kleinian g@-functions are R-functions

@ We introduce { such that ¢ = e®. Then Oitresin = — Qi in-
@ So applying a Hirota operator;

[m]®J_ZCJ 13D]®ep
:ZCJ*1(1®...® ®1)<é >

k=1
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Sketch proof that all Kleinian g@-functions are R-functions

@ We introduce { such that ¢ = e®. Then Oitresin = — Qi in-
@ So applying a Hirota operator;

Hglm]ga_zg 18[’]®e

j=1

:J_z'_";cfm@---@ @1)<(§) >:z<®>

k=1

© Applying another Hirota operator to 23 will give many terms,
but all except one will evaluate to zero upon application of S.

HE’zm](Zl) iz:Cz(j_l)(1®"-®@11i2®---®1) =3,
j=1
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Sketch proof that all Kleinian g@-functions are R-functions

@ So we have

H[m o?—[[m] ®U =3 <®O'> —i—ZlHEQm] <® 0) .

k=1
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Sketch proof that all Kleinian g@-functions are R-functions

@ So we have

H o 3l @ 0=, (@ 0) + A (é) ) .

k=1

O In general,

H[m . H[m]®o._ m<®a>+
k=1
where Y= ¢mi-1) (1 Q- Piy,im @1 ®1)

and all other terms, have as a factor, a sequence of H of size
less than m, applied to a tensor product of o. Hence under S,

So /HLm] 0---0 HE;"] k10 =m@j o™,
So RI™ o (u) = pipin ().

i1,02,.
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Example: Bases for hyperelliptic genus 3 curve: (2,7)-curve

2 2 2 2 2 2 2
(1, R, RE, RY, RE R, RE, REL, )
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Generalised Hirota operators and R-functions Proofs and examples

Example: Bases for hyperelliptic genus 3 curve: (2,7)-curve

re):
(1, R, RE, RY, RE R, RE, REL, )
rE)\rE):

3 3 3] 3 3] 3
R[llll ) R[12]2 ’ R[22]2 ’ Rg&}?, ’ R[23}3333 ) R[22]2222 ’ 61 R2222 ’

3 3 3] 3 3
R{131;2 ’ R{13’213 ’ R%% ’ R{lé%3333 ’ R{l3113333 ’ 82 7?’2222 ’
R1137 R1337 R2337 R2223337 R112333’ 837?’2222

F(4\r(3) :

4 4 4 3 3 3
R{l}ill ) R%41133 ) R%w 83R%33;33337 alR{l3:’;33337 a273{13112333»
R[141]127 R12227 R[242]237 82R[233]33337 62R[232]2333> 83R[232]2222>
Riis 1223a R5r33, 83R133333, 81R222333, 81R[131]2333, 11233333:

R123333337

R

R R

4 4 3 3

R[11]227 R1233: R[23]337 81R[23]33337 6273[11]3333’ 827%222222» R122233337
R RY

RY:

RY

113333337

4 4 3 3 3
R[11]23, 1333 72[33]337 8273[13]33337 81R[11]3333, alR[22]2222» 11133333:

22222222 ’

11123333"
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Example: Bases for trigonal genus 3 curve: (3,4)-curve

re):
(1, R, RE, RY, RE R, RE, REL, )
rE)\rE):

3 3 3] 3 3] 3
R[llll ) R[12]27 R[22]2 ’ Rg&}?ﬂ R[33}3333 ) R[11]3333’ 617?‘22227

3 3 3 3 3
Rgzv R%y R%& R%Baa R%zaw 82722222,
Riis» Rizs Rasss Rizszzzr Risoosss 83R2222

F(4\r(3) :

4 4 4 3 3 3
R{l}ill ) R%41133 ) R%w 83R%33;33337 827%{133;33337 8273{13212233»
R[141]127 R12227 R[242]237 82R[333]33337 63R[132]2333> 82R[131]3333>
R1113 ) 1223 ) R22337 837{2223337 2] R2223337 81R[132]2333, 13333333 )

R223333337

R

R RY

4 4 3 3

R[11]227 R1233: R[23]337 81R£33]33337 6273[12]2333’ 81R122233» R122333337
R RY

RY

R

22233333 ’

4 4 3 3 3
R[11]23, 13333 72[33]337 82R[22]2333, 81R[13]3333, alR[11]3333» 12223333:

113333337

11223333"
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Definitions
Generalised Hirota operators and R-functions Proofs and examples

Conjectures arising from examples

The two genus three cases have structurally similar bases. l.e. The
same number of functions of each type used in corresponding
bases. Not apparent when same bases constructed in EEO11.

Conjecture 1: Bases of Abelian functions associated with curves
of the same genus share more structure than previously thought.

Matthew England Hirota Operators and Abelian Functions



Definitions
Generalised Hirota operators and R-functions Proofs and examples

Conjectures arising from examples

The two genus three cases have structurally similar bases. l.e. The
same number of functions of each type used in corresponding
bases. Not apparent when same bases constructed in EEO11.

Conjecture 1: Bases of Abelian functions associated with curves

of the same genus share more structure than previously thought.

It appears that I'(m)\I'(m — 1) may always be filled using mth
order R-functions and first derivatives of (m — 1)th order
R-functions.

Conjecture 2: The standard Abelian functions are spanned
by R and OR.
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Further Information

M M. England, C. Athorne
Building Abelian functions with generalised Hirota operators.
Preprint: arXiv:1203.3409 (2012)

Contact Details

Matthew.England@Glasgow.ac.uk
http://www.maths.gla.ac.uk/~mengland/

Thanks for listening.
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Addition formulae

The functions associated to a given curve satisfy an addition
formula of the form

(u+v)a(u—v ZC: {(u)Bi(v)

o(u)?o(v

where A;, B; € [(2) and the c; are constants.

@ Determine exact formula using bases and o-expansion.
@ Use available simplifications; symmetry, parity, weights.
@ Generalises classic Weierstrass formula,

-
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Automorphism addition formulae

Another class of addition formulae exist for cyclic (n, s)-curves,
Y= X%+ Ao 1x L4 4 Aix + Ao
associated with their family of automorphisms:

[Cj] C(x,y) — (X,ij), where (" = 1.
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Automorphism addition formulae

Another class of addition formulae exist for cyclic (n, s)-curves,
Y= X%+ Ao 1x L4 4 Aix + Ao
associated with their family of automorphisms:
[F]: (x,y) = (x,{y), where (" = 1.

The following function will be Abelian in ull,i=1...n:

0° (Zralc]ul)
i ol

So we can write is as sum of products of n functions from I'(n) in
the variables, ulll, i = 1...n respectively.
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Simplified and reduced addition formulae

Such formulae can be difficult to compute. Simplified versions may
be found, setting one or more of the variables ulll to zero.
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Simplified and reduced addition formulae

Such formulae can be difficult to compute. Simplified versions may
be found, setting one or more of the variables ulll to zero.

We can also consider reduced curves which have further
automorphisms and hence extra addition formulae.

Example: The restricted (3,4)-curve, y3 = x* + \g has
automorphisms

[7]: (x,y) = ((iYx,y), where i = /1.
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Simplified and reduced addition formulae

Such formulae can be difficult to compute. Simplified versions may
be found, setting one or more of the variables ulll to zero.

We can also consider reduced curves which have further
automorphisms and hence extra addition formulae.

Example: The restricted (3,4)-curve, y3 = x* + \g has
automorphisms

[7]: (x,y) = ((iYx,y), where i = v —1.
The functions associated to this curve satisfy

o(u+ v)o(u+ [iv)o(u + [?]v)o(u + [i®]v)
o(u)to(v)*

= f(u,v) — f(v,u)

where f is a quadratic in functions of I'(4).
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