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1. Summary of Weierstrass elliptic function theory

An elliptic function is a meromorphic function f(u), u € C, which has two independent periods.

A key contributor to elliptic function theory was
Karl Weierstrass. He defined the elliptic -
function, which had poles occurring only when u
1S a sum of the periods. It satisfied the follow-
ing addition formula and differential equations,
(where g9, g3 are dependent on the periods).
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The addition formula 1s connected to the addition
law for points on an elliptic curve — an algebraic
curve with equation y? = 2° + az + b. In fact,
elliptic curves can be parametrised by (¢, p).

Weierstrass also defined the elliptic o-function as

2 .
satistying; p(u) = —% Info(u)]. (3) Kalilg\i\ge_lleégtgass

This sigma function satisfied its own addition formula, and a power series expansion in .
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2. Defining Abelian functions on curves of higher genus

An Abelian function 1s a meromorphic function which 1s multiply periodic. We investigate Abelian
functions that are associated with algebraic curves.

Let (n, s) be coprime with n < s. We then define a cyclotomic (n, s)-curve as an algebraic curve

Y =% + )\5—1358_1 + e AT+ A, (where A; are constants)

These curves will map to a surface with genus g = %(n —1)(s —1).

For a given (n,s) curve we can then define the higher genus o-function, (using theta functions in
analogy to the elliptic case, (see [2] for example). The main difference is that sigma 1s now a function
of ¢ variables: o =o(u)=o(uy,u, ..., ug)

We then define Kleinian p-functions as the second log derivatives of sigma, in analogy to (3).
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We can show that g;; is Abelian, with poles of order 2 when o(u) = 0. We extend the notation to
higher order derivatives of sigma, which are also Abelian.
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If we impose this notation on the elliptic case then we would denote p = p11, ¢’ = 0111, ¢ = P1111
Clearly, as the genus increases there will be a greater selection of o-functions.

3. Brietf summary of other higher genus work

The first research on these func-
tions was conducted by Klein and
Baker, who considered the sim-
plest hyperelliptic curve. This
was the (2,5)-curve, which has
genus g = 2.

Klein defined the generalised -
functions, while Baker derived a
number of identities concerning
them. These included an addi-
tion formula similar to (4) and

sets of differential equations gen-
eralising (1) and (2).
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A theory for hyperelliptic curves of arbitrary genus was developed by Buchstaber, Enolski and Leykin
in 1997 (see [2]). Since then, work has been focused on the Trigonal curves — algebraic curves with
equation y> = f (x) where f is of degree n > 4.

Considerable work has been undertaken on the (3,4) and (3,5)-curves by Baldwin, Eilbeck, Enolski,
Gibbons, Matsutani, Onishi and Previato. (See for example, [3] and [1]).
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4. Abelian functions associated with a cyclotomic
tetragonal curve of genus six

We have been working with Abelian functions associated to a (4,5)-curve, which has genus g = 6.
gt = 2 + Mzt 4 Az + Aoz + Mz + N\ (6)

This 1s the simplest cyclotomic tetragonal curve. We followed the work on the Trigonal cases by
defining a set of weights for all variable and constants.
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These will render all equations in the theory homogeneous. We can prove that o(wu) has weight +15.
To calculate the weight of a p-function, we sum up the weights of the subscripts, and take the negative.

We use the weight information to derive the o-
function expansion. The expansion is infinite, but
we subdivide it into finite polynomials, C}., with
terms that have the same weight ratios.

o(u) = Ci5(u) + Cro(u) + - - + Crspan(u) + ...

where each term in C}. has weight £ in u; and
weight 15 — k in ;. To derive them in turn we:

e Identify the possible terms.

e Create expansion with unidentified coefficients.

e Determine coefficients by ensuring sigma satis-
fies known properties.

We have calculated up to C51, with the latter poly-
nomials representing large quantities of computer
time and memory. The calculations were run 1n
parallel, on a cluster of machines using Distributed

Maple (see [4]).

Heavy use of Distributed Maple!
We have used this expansion, along with other methods to find the following results:

e A full set of differential equations that express 4-index gp-functions, using Abelian functions of
order at most 2. These are of particular interest since they give a generalisation of (2).
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05666 = 0056866 — 2645 (8) :

— %@5566 + 3066655 + 6@§6

e The beginning of a set of equations to generalise (1). These express the product of two 3-index
o-functions, using Abelian functions of order at most 3.

@%66 = 4@26 — 7@§6 + 416966 — 8955066 — 40664 + 414 + 205566
5666666 = 4@%6@56 + 2046056 — 556056 — 2045066 T 2§36

e A basis for the Abelian functions associated with (6), which have poles of order at most 2.
This 1s the space that the @;; belong too, however additional classes of Abelian functions were
required to complete the basis. We have derived sets of equation that express other such functions
as a linear combinations of basis entries.

e We have derived a sequence of relations that are bilinear in the 2-index and 3-index g-functions.
These have no analog 1n the elliptic case, although similar relations occur in the Trigonal cases.

20456 — 9555 T 20566666 — 20568666 = U
—20446 + 20455 — 20466866 + 20666 1 T 20460666 — 20556866 + ©558666 T 9566856 = 0

e A two-term addition formula for the sigma function.
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where f(u,v) is a large polynomial constructed from Abelian functions.

5. Applications in Non-linear Wave theory

It well known that the elliptic p-function could be used to construct a solution to the KdV-equation.
There has been similar applications to non-linear wave theory for Abelian functions associated to
higher genus curves. For example, differentiate (6) twice with respect to ug to give:

0666666 = 123%6(@66@666) — 35566 + 464666

Let ug = z,us = y,uqy = tand W(z,y,t) = pgs(u). We then rearrange to give

a parametrised form of the KP-equation. Further, we have shown that the function pg,(u), associated
to any (n, s)-curve with n > 4, will satisfy the KP-equation. The possible applications of the research
are still being investigated.
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