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Conventional wisdom is that working with polynomial systems is
doubly exponential.

Key message of this talk is that while that is true, what they are
doubly exponential in can vary a lot.

Particular result of the accompanying paper is that CAD is doubly
exponential in n — ¢ where

@ n is number of variables;

@ /is number of (primitive) equational constraints (in different
main variables).
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General Message
Motivation: Grébner Bases

What do we mean by polynomial systems?

Algorithms for solving problems to do with polynomial systems; in
particular:

Grobner Bases (GB): for working with systems of polynomial
equations; and ideals they define.
Building a GB allows us to easily find the dimension,
the number of zeros, etc.

Cylindrical Algebraic Decomposition (CAD): for working with
systems of polynomial constraints (so also
<<= > >= <>,

Building a CAD allows us to describe simply the true
regions, perform quantifier elimination, etc.

Matthew England and James H. Davenport The Complexity of CAD with Respect to Polynomial Degree



Introduction
Cylindrical Algebraic Decomposition
CAD with multiple ECs

General Message
Motivation: Grébner Bases

What do we mean by doubly exponential?

These algorithms are often described simply as doubly exponential.

This really means:
doubly exponential in the number of variables n.

All other dependencies, such as the number of polynomials m or
their degree d, are polynomial in their quantities (albeit with an
exponent possibly exponential in n).
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General Message
Motivation: Grébner Bases

Key message

Conventional wisdom is that working with polynomial systems is
doubly exponential.

Key message of this talk is that while that is true, what they are
doubly exponential in can vary and need not be the number of
variables.
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Grobner Bases

@ A particularly useful generating set G of an ideal /.

@ The ideal generated by the leading terms of [ is generated by
the leading terms of the GB

@ Introduced by Prof. Buchberger in 1965.

[§ E.W. Mayr and A.R. Meyer.
The complexity of the word problems for commutative

semigroups and polynomial ideals.

Advances in Mathematics, 46(3):305-329, 1982.
Showed that the computation of Grébner bases is doubly
exponential in the number of variables.
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Motivating results for GB

[ D. Lazard.
Grébner Bases, Gaussian elimination and resolution of systems
of algebraic equations.
In Proc. EUROCAL 83, pages 146-157, 1983.
But, complexity of GB for a zero-dimensional ideal is only
singly-exponential in n.
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General Message
Motivation: Grobner Bases

Motivating results for GB

[ D. Lazard.
Grébner Bases, Gaussian elimination and resolution of systems
of algebraic equations.
In Proc. EUROCAL 83, pages 146-157, 1983.
But, complexity of GB for a zero-dimensional ideal is only
singly-exponential in n.
In fact, there are upper and lover bounds for GB which are singly
exponential in n, but doubly exponential in r where r is the actual
dimension of the ideal. Only in the worst case is r = n.

[ E.W. Mayr and S. Ritscher.
Dimension-dependent bounds for Grébner bases of polynomial
ideals.
Journal of Symbolic Computation, 49:78-94, 2013.
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@ nis number of variables;

@ / is number of equational constraints
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What is a CAD?

A Cylindrical Algebraic Decomposition (CAD) is a mathematical
object (but commonly refers also to an algorithm which creates
one). Defined in the 1970s by George Collins who also gave the
first CAD algorithm.
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What is a CAD?

A Cylindrical Algebraic Decomposition (CAD) is a mathematical
object (but commonly refers also to an algorithm which creates
one). Defined in the 1970s by George Collins who also gave the
first CAD algorithm. A CAD is:
@ a decomposition meaning a partition of R” into connected
subsets called cells;
@ (semi)-algebraic meaning that each cell can be defined by a
sequence of polynomial equations and inequations.
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What is a CAD?

A Cylindrical Algebraic Decomposition (CAD) is a mathematical
object (but commonly refers also to an algorithm which creates
one). Defined in the 1970s by George Collins who also gave the
first CAD algorithm. A CAD is:

@ a decomposition meaning a partition of R” into connected
subsets called cells;

@ (semi)-algebraic meaning that each cell can be defined by a
sequence of polynomial equations and inequations.

@ cylindrical meaning the cells are arranged in a useful manner -
their projections (relative to a given variable ordering) are
either equal or disjoint.
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Sign-invariance

Traditionally a CAD is : 2
produced from a set of :
polynomials such that each
polynomial has constant
sign (positive, zero or
negative) in each cell. Such
a CAD is said to be

sign-invariant.
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Traditionally a CAD is
produced from a set of
polynomials such that each
polynomial has constant
sign (positive, zero or
negative) in each cell. Such
a CAD is said to be

sign-invariant.

E.g. A CAD produced to be
sign-invariant for the

polynomial f := x? +y? —1
will commonly have 13 cells.
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Sign-invariance

Traditionally a CAD is 2
produced from a set of
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sign-invariant.

E.g. A CAD produced to be
sign-invariant for the

polynomial f := x? +y? —1 .
will commonly have 13 cells. 5 -2

Matthew England and James H. Davenport The Complexity of CAD with Respect to Polynomial Degree



Introduction Computation
Cylindrical Algebraic Decomposition Complexity
CAD with multiple ECs Equational Constraints

Sign-invariance

Traditionally a CAD is : 2
produced from a set of :
polynomials such that each
polynomial has constant
sign (positive, zero or
negative) in each cell. Such
a CAD is said to be
sign-invariant.

E.g. A CAD produced to be
sign-invariant for the

polynomial f := x? +y? —1
will commonly have 13 cells.

Matthew England and James H. Davenport The Complexity of CAD with Respect to Polynomial Degree



Introduction
Cylindrical Algebraic Decomposition
CAD with multiple ECs

Sign-invariance

Computation
Complexity
Equational Constraints

Traditionally a CAD is
produced from a set of
polynomials such that each
polynomial has constant
sign (positive, zero or
negative) in each cell. Such
a CAD is said to be

sign-invariant.

E.g. A CAD produced to be
sign-invariant for the

polynomial f := x? +y? —1
will commonly have 13 cells.

Matthew England and James H. Davenport

The Complexity of CAD with Respect to Polynomial Degree



Introduction Computation
Cylindrical Algebraic Decomposition Complexity
CAD with multiple ECs Equational Constraints

Sign-invariance

Traditionally a CAD is
produced from a set of
polynomials such that each
polynomial has constant
sign (positive, zero or
negative) in each cell. Such
a CAD is said to be
sign-invariant.

E.g. A CAD produced to be
sign-invariant for the

polynomial f := x? +y? —1
will commonly have 13 cells.

Matthew England and James H. Davenport The Complexity of CAD with Respect to Polynomial Degree



Introduction
Cylindrical Algebraic Decomposition
CAD with multiple ECs

Sign-invariance

Computation
Complexity
Equational Constraints

Traditionally a CAD is
produced from a set of
polynomials such that each
polynomial has constant
sign (positive, zero or
negative) in each cell. Such
a CAD is said to be

sign-invariant.

E.g. A CAD produced to be
sign-invariant for the

polynomial f := x? +y? —1
will commonly have 13 cells.

Matthew England and James H. Davenport

The Complexity of CAD with Respect to Polynomial Degree



Introduction Computation
Cylindrical Algebraic Decomposition Complexity
CAD with multiple ECs Equational Constraints

Sign-invariance

Traditionally a CAD is
produced from a set of
polynomials such that each
polynomial has constant
sign (positive, zero or
negative) in each cell. Such
a CAD is said to be
sign-invariant.

E.g. A CAD produced to be
sign-invariant for the

polynomial f := x? +y? —1 .
will commonly have 13 cells. 5 -2

Matthew England and James H. Davenport The Complexity of CAD with Respect to Polynomial Degree



Introduction
Cylindrical Algebraic Decomposition
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How to build a CAD?

Computation
Complexity
Equational Constraints

Projection: Apply an operator to the input polynomials in R” to

receive a set in R"~1. Repeat.

Base: Build CAD of R! sign-invariant for univariate polynomials by

isolating their real roots.

Lifting: Identify cells in R? by: taking each cell in R!; evaluating
bivariate polynomials at sample point; isolating real roots. Repeat.

R" R"
Projection I
Rn‘_l Lifting R
A
! |
|
A\ Base |
R! R!

Matthew England and James H. Davenport

The key mathematics is proving
that working at a sample point
guarantees sign-invariance over
whole cell. Requires appropriate
projection operator (usual
ingredients: resultants,
discriminants and coefficients).
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Why build a CAD?

The original motivation for CAD was Quantifier Elimination (QE).

Given a polynomial formula with quantifiers V (for all) or 3 (there
exists) QE means identify an equivalent quantifier free formula.

Matthew England and James H. Davenport The Complexity of CAD with Respect to Polynomial Degree



Introduction Computation
Cylindrical Algebraic Decomposition Complexity
CAD with multiple ECs Equational Constraints

Why build a CAD?

The original motivation for CAD was Quantifier Elimination (QE).

Given a polynomial formula with quantifiers V (for all) or 3 (there
exists) QE means identify an equivalent quantifier free formula.

Bx)(x*+ax+b=0) <= a°>—4b>0

A CAD for the polynomials involved can perform QE over real
numbers;
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Why build a CAD?

The original motivation for CAD was Quantifier Elimination (QE).

Given a polynomial formula with quantifiers V (for all) or 3 (there
exists) QE means identify an equivalent quantifier free formula.

Bx)(x*+ax+b=0) <= a°>—4b>0

A CAD for the polynomials involved can perform QE over real
numbers; thus solve problems throughout engineering & science.

@ derivation of optimal numerical schemes (Erascu-Hong, 2014)
artificial intelligence (Todai Robot Project)
automated theorem proving (Paulson, 2012)
parametric optimisation (Fotiou et al., 2005)
automated loop parellisation (Grosslinger et al. 2006)
epidemic modelling (Brown et al., 2006)
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J.H. Davenport and J. Heintz.

Real quantifier elimination is doubly exponential.

Journal of Symbolic Computation, 5(1-2):29-35, 1988
CAD is worst case complexity doubly exponential.
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Why not build a CAD?

[d J.H. Davenport and J. Heintz.
Real quantifier elimination is doubly exponential.
Journal of Symbolic Computation, 5(1-2):29-35, 1988
CAD is worst case complexity doubly exponential.

[§ C. Brown and J.H. Davenport.
The complexity of quantifier elimination and cylindrical

algebraic decomposition.

In Proc. ISSAC '07, pages 54-60. ACM, 2007.
By the end of projection we have M polynomials in R, each of
degree D, where D = d?°” and M = m?°>™ . There are also lower
bounds with D = d2™” and M = m®™” in which the underlying
polynomials are all simple. The difficulty of CAD resides in the
complicated number of ways simple polynomials can interact.

Matthew England and James H. Davenport The Complexity of CAD with Respect to Polynomial Degree
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Complexity Bound

[ R. Bradford, J.H. Davenport, M. England, S. McCallum, and
D. Wilson.
Truth table invariant cylindrical algebraic decomposition.
Journal of Symbolic Computation, 76:1-35, 2016.

A bound on the total number of cells produced for a sign-invariant

CAD has dominant term

(2d)2"—1m2”—122"*1—1‘

@ This was based on using McCallum’s operator for
sign-invariant CAD (although Brown and Lazard operators
should have same double exponents).

@ Numerous studies show the cell count to be closely correlated
to the actual timings of implementations.

Matthew England and James H. Davenport The Complexity of CAD with Respect to Polynomial Degree
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Truth Invariance

Sign-invariant CAD is more than needed for most applications.
More appropriate is a CAD truth-invariant for formulae.

@ Implied by sign-invariance of polynomials in formulae;

@ But can usually be achieved with far less cells.
Approaches to achieve truth-invariance:

o Refine sign-invariant CAD once produced;

@ Terminate lifting once truth determined;

@ Adapt projection according to formula structure.

Matthew England and James H. Davenport The Complexity of CAD with Respect to Polynomial Degree
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Equational Constraints

An Equational Constraint (EC) is a polynomial equation logically
implied by a Quantifier Free Tarski Formula (QFF). Either:

Explicit when an atom of the formula; as f =0 is in

p=(f=0)A¢
Implicit otherwise; as f1if, =0 is in

Y=(A=0Ap1)V(h=0A¢).

Matthew England and James H. Davenport The Complexity of CAD with Respect to Polynomial Degree
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Equational Constraints

An Equational Constraint (EC) is a polynomial equation logically
implied by a Quantifier Free Tarski Formula (QFF). Either:

Explicit when an atom of the formula; as f =0 is in

Implicit otherwise; as f1if, =0 is in
Y= (A=0Ap1)V(h=0Ap).

In 1998 Collins observed that truth invariance of a formula with
equational constraint f = 0 is implied by:

@ Sign-invariant for f; and

@ Sign-invariant for all other polynomials g; when f = 0.

Matthew England and James H. Davenport The Complexity of CAD with Respect to Polynomial Degree
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Improved CAD with ECs

ISSAC’15 Ex
1,118,205 S.I. cells

1998: Basic idea proposed by Collins. reduced to:
1999: McCallum produces operator for e 11,961,
first projection only. 30,233,
158,475 or
158,451 cells;

depending on EC
designation.
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Improved CAD with ECs

ISSAC’15 Ex
1,118,205 S.I. cells

1998: Basic idea proposed by Collins. reduced to:

1999: McCallum produces operator for e 11,961,
first projection only. 30,233,

2001: McCallum describes how to 158,475 or
propagate and use ECs in 158,451 cells;
subsequent projections. @ 21,079 cells by

default, (as
low as 5633);

depending on EC
designation.
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Improved CAD with ECs

Computation and complexity
Controlling the degree
Final Thoughts

1998:
1999:

2001:

2015:

Matthew England and James H. Davenport

ISSAC’15 Ex
1,118,205 S.I. cells
Basic idea proposed by Collins. reduced to:
McCallum produces operator for e 11,961,
first projection only. 30,233,
McCallum describes how to 158,475 or
propagate and use ECs in 158,451 cells;
subsequent projections. @ 21,079 cells by
England-Bradford-Davenport: default, (as
o low as 5633);
@ corresponding improvements
to lifting stage; o 113, 103
@ considers the effect on or 93 cells;
complexity of CAD. depending on EC
designation.
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Moving away from traditional CAD

Our 2015 contribution was to describe how the theory of reduced
projection operators allows for savings when lifting also.
To achieve this we had to discard two embedded principles:

@ That the projection polynomials are a fixed set.
Also rejected in the RegularChains approach to CAD of
Chen, Maza, Xia, Yang.

@ That the invariance structure of the final CAD can be
expressed as sign-invariance of certain polynomials.
Also rejected in CAD for varieties by Brown & McCallum.
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Moving away from traditional CAD

Our 2015 contribution was to describe how the theory of reduced
projection operators allows for savings when lifting also.
To achieve this we had to discard two embedded principles:

@ That the projection polynomials are a fixed set.
Also rejected in the RegularChains approach to CAD of
Chen, Maza, Xia, Yang.

@ That the invariance structure of the final CAD can be
expressed as sign-invariance of certain polynomials.
Also rejected in CAD for varieties by Brown & McCallum.

Other non-traditional CAD approaches are under investigation:
e Symbolic-Numeric lifting (SyNRAC / Mathematica)
@ Single CAD cell construction (Jovanovic & de Moura)
@ Non-Uniform CAD (Chris Brown)
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Complexity

Suppose we have ¢ primitive ECs with successive main variables
(starting from the main variable of the system).

[ M. England, R. Bradford and J.H. Davenport.
Improving the use of equational constraints in cylindrical
algebraic decomposition
In Proc. ISSAC '15, pages 165-172. ACM, 2015.

The dominant term in the bound on the number of CAD cells is:

(2d)2"—1m2"*"—22£2"—"’—3£

The double exponent on the number of polynomials, m, reduces
for each EC identified. But the double exponent of the degree, d,
does not drop similarly.

Matthew England and James H. Davenport The Complexity of CAD with Respect to Polynomial Degree
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Why is the degree so high?

Projection and EC propagation uses repeated iterated resultants.
Iterated univariate resultants produced like these may be more
complicated that the information they need to encode. For
example, if we care only of the intersection between multiple
polynomials then the true multivariate resultant has lower degree.

[3 L. Busé and B. Mourrain.
Explicit factors of some iterated resultants and discriminants.
Mathematics of Computation, 78:345-386, 2009.
Busé and Mourrain explain how it is contained as a factor of
iterated univariate resultants.

Matthew England and James H. Davenport The Complexity of CAD with Respect to Polynomial Degree
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Can we get away with using only multi-variate resultants?

No. For normal CAD projection the pairwise resultants of all
polynomials are a necessity for proving the delineability conditions
which allow for working at a sample point.
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Can we get away with using only multi-variate resultants?

No. For normal CAD projection the pairwise resultants of all
polynomials are a necessity for proving the delineability conditions
which allow for working at a sample point.

BUT If we have multiple ECs then we only care about what
happens when all are satisfied and thus the multivariate resultant.

AND the ISSAC 2015 paper showed that in this case it is only the
degrees of the ECs that contribute to the complexity (from
polynomials of that main variable).

So together, this allows us to bound the degree complexity with
results for multivariate resultants.
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CASC 2016 Contribution

In our CASC 2016 paper reformulate the Busé-Mourrain results so
instead of concerning total degree in all variables, we have the case
of degree in at most one variable (relevant for CAD analysis).

We then propose replacing the original ECs (and their propagation)
by their Grobner Basis

@ We can then conclude their degrees to be lower;

@ We cannot make any claim over the degrees of other
polynomials

@ But ISSAC 2015 allows us to ignore the degrees of other
polynomials with the same main variable as an EC;

Hence the effect of the degree in the overall complexity is capped.

Matthew England and James H. Davenport The Complexity of CAD with Respect to Polynomial Degree
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New complexity bound

The new complexity bound for CAD with £ primitive ECs in
different main variables has exponent of d

2012 4o 42) — L2+ o) —2.

The final complexity bound is not as clean as with the number of
polynomials (because the 2015 improvement to isolate real roots
only for ECs set actually set the corresponding m; to 1).
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New complexity bound

The new complexity bound for CAD with £ primitive ECs in
different main variables has exponent of d

2012 4o 42) — L2+ o) —2.

The final complexity bound is not as clean as with the number of
polynomials (because the 2015 improvement to isolate real roots
only for ECs set actually set the corresponding m; to 1).

Nevertheless, we can still conclude that CAD is doubly
exponential in n — /£.
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Restrictions

There are restrictions of the preceding discussion:

@ That the ECs be in successive main variable, starting from
that of the system.

This restriction was for ease of the analysis. We do not expect it
to change the main conclusion.
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Restrictions

There are restrictions of the preceding discussion:

@ That the ECs be in successive main variable, starting from
that of the system.

This restriction was for ease of the analysis. We do not expect it
to change the main conclusion.

@ That the ECs be primitive.
This restriction was a necessity of the theory however. The best
way to remove it is not clear. Further, the final section of our
ICMS paper shows that the key family of examples in the classic
papers [Davenport and Heintz, 1988] and [Brown and Davenport,
2007] contain only non-primitive ECs.
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Preconditioning CAD with GB literature

[d B. Buchberger and H. Hong.
Speeding up quantifier elimination by Grébner bases
Tech. Report, 91-06. RISC, Johannes Kepler Uni, 1991

@ D.J. Wilson, R.J. Bradford, and J.H. Davenport.
Speeding up cylindrical algebraic decomposition by Grébner
bases
In Intelligent Computer Mathematics (LNCS 7362), pages
280-294. Springer, 2012.

[4 Z. Huang, M. England, J.H. Davenport and L.C. Paulson
Using Machine Learning to decide when to Precondition
Cylindrical Algebraic Decomposition with Grébner Bases.
To appear in Proc. SYNASC 2016 (IEEE).

Each of these found that preconditioning was not universally

beneficial.
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Why not universally beneficial?

Pessimistic Answer:

@ This paper was concerned with theoretical worst case
complexity. Bounding that does not guarantee good
performance every time.

Optimistic Answer:

@ The CAD technology used in those papers did not take full
advantage of multiple ECs as outlined here, retesting should
show improved results.
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Dealing with choice in CAD

There are lots of choice to be made when building a CAD. E.g.
@ The variable ordering (may or may not be set by application)
@ The choice of which EC to designate.

Heuristics are developed for each problem, but are never universally
accurate. Recent work even suggests that machine learning
(support vector machines) can do better than man-made heuristics.

H Z Huang, M. England, D. Wilson, J.H. Davenport, L.C.
Paulson and J. Bridge.
Applying machine learning to the problem of choosing a
heuristic to select the variable ordering for cylindrical algebraic
decomposition.
In: Intelligent Computer Mathematics, pp. 92-107. (LNAI,
8543). Springer, 2014.
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Romanian Adverts

If you are attending SYNASC | will present this on Sunday:

[§ Z. Huang, M. England, J.H. Davenport and L.C. Paulson
Using Machine Learning to decide when to Precondition
Cylindrical Algebraic Decomposition with Grébner Bases.
To appear in Proc. SYNASC 2016 (IEEE).

The First International Workshop on on Satisfiability
Checking and Symbolic Computation takes place on Saturday
at SYNASC. James will present the following:

[§ M. England and J.H. Davenport.
Experience with Heuristics, Benchmarks & Standards for
Cylindrical Algebraic Decomposition.
To appear in Proc. SC? 2016.

Matthew England and James H. Davenport The Complexity of CAD with Respect to Polynomial Degree



Introduction Computation and complexity
Cylindrical Algebraic Decomposition Controlling the degree
CAD with multiple ECs Final Thoughts

Further Information

Contact Details

Matthew.England@coventry.ac.uk

http://computing.coventry.ac.uk/~mengland/index.html

Thanks for listening!
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