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New Algorithm: RC-TTICAD

Background
Two Recent Advances

What is a CAD?

A Cylindrical Algebraic Decomposition (CAD) is:
a decomposition meaning a partition of Rn into connected
subsets called cells;
(semi)-algebraic meaning that each cell can be defined by a
sequence of polynomial equations and inequations.
cylindrical meaning the cells are arranged in a useful manner -
their projections are either equal or disjoint.
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Example - Cylindrical Algebraic Decomposition

A CAD of R2 is given by the following collections of 13 cells:

x < −1 {

[x < −1, y = y ],

x = −1 {

[x = −1, y < 0], [x = −1, y = 0], [x = −1, y > 0],

{

[−1 < x < 1, y2 + x2 − 1 > 0, y > 0],

{

[−1 < x < 1, y2 + x2 − 1 = 0, y > 0],

− 1 < x < 1 {

[−1 < x < 1, y2 + x2 − 1 < 0],

{

[−1 < x < 1, y2 + x2 − 1 = 0, y < 0],

{

[−1 < x < 1, y2 + x2 − 1 < 0, y < 0],

x = 1 {

[x = 1, y < 0], [x = 1, y = 0], [x = 1, y > 0],

x > 1 {

[x > 1, y = y ]
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Sign-invariance

Traditionally a CAD is
produced from a set of
polynomials such that each
polynomial has constant sign
(positive, zero or negative) in
each cell. Such a CAD is said
to be sign-invariant.

The example from the
previous slide was a
sign-invariant CAD for the
polynomial x2 + y2 − 1.

Sign-invariance means we need only test one sample point per cell
to determine behaviour of the polynomials. Various applications:
quantifier elimination, optimisation, theorem proving, . . .

BCDEMW14 – CASC 2014 Truth-Table Invariant CAD by Regular Chains



Cylindrical Algebraic Decomposition
New Algorithm: RC-TTICAD

Background
Two Recent Advances

Sign-invariance

Traditionally a CAD is
produced from a set of
polynomials such that each
polynomial has constant sign
(positive, zero or negative) in
each cell. Such a CAD is said
to be sign-invariant.

The example from the
previous slide was a
sign-invariant CAD for the
polynomial x2 + y2 − 1.

Sign-invariance means we need only test one sample point per cell
to determine behaviour of the polynomials. Various applications:
quantifier elimination, optimisation, theorem proving, . . .

BCDEMW14 – CASC 2014 Truth-Table Invariant CAD by Regular Chains



Cylindrical Algebraic Decomposition
New Algorithm: RC-TTICAD

Background
Two Recent Advances

Sign-invariance

Traditionally a CAD is
produced from a set of
polynomials such that each
polynomial has constant sign
(positive, zero or negative) in
each cell. Such a CAD is said
to be sign-invariant.

The example from the
previous slide was a
sign-invariant CAD for the
polynomial x2 + y2 − 1.

Sign-invariance means we need only test one sample point per cell
to determine behaviour of the polynomials. Various applications:
quantifier elimination, optimisation, theorem proving, . . .

BCDEMW14 – CASC 2014 Truth-Table Invariant CAD by Regular Chains



Cylindrical Algebraic Decomposition
New Algorithm: RC-TTICAD

Background
Two Recent Advances

Sign-invariance

Traditionally a CAD is
produced from a set of
polynomials such that each
polynomial has constant sign
(positive, zero or negative) in
each cell. Such a CAD is said
to be sign-invariant.

The example from the
previous slide was a
sign-invariant CAD for the
polynomial x2 + y2 − 1.

Sign-invariance means we need only test one sample point per cell
to determine behaviour of the polynomials. Various applications:
quantifier elimination, optimisation, theorem proving, . . .

BCDEMW14 – CASC 2014 Truth-Table Invariant CAD by Regular Chains



Cylindrical Algebraic Decomposition
New Algorithm: RC-TTICAD

Background
Two Recent Advances

Sign-invariance

Traditionally a CAD is
produced from a set of
polynomials such that each
polynomial has constant sign
(positive, zero or negative) in
each cell. Such a CAD is said
to be sign-invariant.

The example from the
previous slide was a
sign-invariant CAD for the
polynomial x2 + y2 − 1.

Sign-invariance means we need only test one sample point per cell
to determine behaviour of the polynomials. Various applications:
quantifier elimination, optimisation, theorem proving, . . .

BCDEMW14 – CASC 2014 Truth-Table Invariant CAD by Regular Chains



Cylindrical Algebraic Decomposition
New Algorithm: RC-TTICAD

Background
Two Recent Advances

Sign-invariance

Traditionally a CAD is
produced from a set of
polynomials such that each
polynomial has constant sign
(positive, zero or negative) in
each cell. Such a CAD is said
to be sign-invariant.

The example from the
previous slide was a
sign-invariant CAD for the
polynomial x2 + y2 − 1.

Sign-invariance means we need only test one sample point per cell
to determine behaviour of the polynomials. Various applications:
quantifier elimination, optimisation, theorem proving, . . .

BCDEMW14 – CASC 2014 Truth-Table Invariant CAD by Regular Chains



Cylindrical Algebraic Decomposition
New Algorithm: RC-TTICAD

Background
Two Recent Advances

Projection and lifting
Most CAD algorithms work by a process of:

Projection: to derive a set of polynomials from the input
which can define the decomposition

Lifting: to incrementally build CADs by dimension.

BCDEMW14 – CASC 2014 Truth-Table Invariant CAD by Regular Chains



Cylindrical Algebraic Decomposition
New Algorithm: RC-TTICAD

Background
Two Recent Advances

Projection and lifting
Most CAD algorithms work by a process of:

Projection: to derive a set of polynomials from the input
which can define the decomposition
Lifting to incrementally build CADs by dimension.

BCDEMW14 – CASC 2014 Truth-Table Invariant CAD by Regular Chains



Cylindrical Algebraic Decomposition
New Algorithm: RC-TTICAD

Background
Two Recent Advances

Projection and lifting
Most CAD algorithms work by a process of:

Projection: to derive a set of polynomials from the input
which can define the decomposition
Lifting to incrementally build CADs by dimension.

BCDEMW14 – CASC 2014 Truth-Table Invariant CAD by Regular Chains



Cylindrical Algebraic Decomposition
New Algorithm: RC-TTICAD

Background
Two Recent Advances

Projection and lifting
Most CAD algorithms work by a process of:

Projection: to derive a set of polynomials from the input
which can define the decomposition
Lifting to incrementally build CADs by dimension.

BCDEMW14 – CASC 2014 Truth-Table Invariant CAD by Regular Chains



Cylindrical Algebraic Decomposition
New Algorithm: RC-TTICAD

Background
Two Recent Advances

Projection and lifting
Most CAD algorithms work by a process of:

Projection: to derive a set of polynomials from the input
which can define the decomposition
Lifting to incrementally build CADs by dimension.

BCDEMW14 – CASC 2014 Truth-Table Invariant CAD by Regular Chains



Cylindrical Algebraic Decomposition
New Algorithm: RC-TTICAD

Background
Two Recent Advances

Projection and lifting
Most CAD algorithms work by a process of:

Projection: to derive a set of polynomials from the input
which can define the decomposition
Lifting to incrementally build CADs by dimension.

BCDEMW14 – CASC 2014 Truth-Table Invariant CAD by Regular Chains



Cylindrical Algebraic Decomposition
New Algorithm: RC-TTICAD

Background
Two Recent Advances

Projection and lifting
Most CAD algorithms work by a process of:

Projection: to derive a set of polynomials from the input
which can define the decomposition
Lifting to incrementally build CADs by dimension.

BCDEMW14 – CASC 2014 Truth-Table Invariant CAD by Regular Chains



Cylindrical Algebraic Decomposition
New Algorithm: RC-TTICAD

Background
Two Recent Advances

Complexity and developments

The nature of CAD means it will always have doubly exponential
complexity in the number of variables. However:

1 It is still the best known (generic) algorithm for quantifier
elimination.

2 There have been many improvements and extensions to
Collins algorithm which make a big difference in practice.

Improvements to the sub-algorithms used;
New projection operators / invariance conditions;
Symbolic-numeric computation in the lifting phase.

...
3 There are radically different approaches CAD / CAD inspired

approaches now being investigated: RegularChains algorithms,
CAD cell algorithms, SMT solving using CAD techniques /
CAD inspired by SAT solving . . .
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Truth invariance and equational constraints

Given a formulae a truth-invariant CAD is a CAD such that the
formula has constant Boolean truth value within each cell.

This can be achieved for example by using partial lifting or
simplification of a sign-invariant CAD.

We define an equational constraint (EC) as an equation logically
implied by a formula.

In 1999 McCallum defined a reduced projection operator to
produce truth-invariant CADs for a formula with EC.
Core idea: If we have f = 0 ∧ g < 0 then we only need only
ensure g is sign-invariant when f is zero. Hence we must ensure
res(f , g) is sign-invariant as normal, but do not need to worry
about discrim(g) and coeff(g).
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Truth table invariant CAD

Given a sequence of quantifier free formulae (QFFs) we define a
truth table invariant CAD (TTICAD) as a CAD such that each
formula has constant Boolean truth value on each cell.

Why use a TTICAD?
An application providing a sequence of separate formulae

One such application: decomposing complex space according to
the branch cuts of multi-valued functions for the purposes of
algebraic simplification.

Finding a truth-invariant CAD for a parent formula
A TTICAD for a set of defining sub-formulae is truth-invariant for
the parent. TTICAD can be the most efficient known approach.
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TTICAD: Prior work

ISSAC 2013: Bath team + Scott McCallum derived a reduced
projection operator to build TTICADs for a sequence
of formulae which each have an EC.

In the case of a
single parent formula this implies an implicit EC, but
TTICAD is more efficient.

2014 (submitted): Extended to any sequence of formulae, with
savings if at least one has an EC. Plus further savings
identified in the lifting phase from presence of EC.
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TTICAD: Algebraic Simplification Example

Example: Consider
√
z2 − 1

√
z2 + 1 =

√
z4 − 1 where z ∈ C.

The three functions involved have branch cuts:

ϕ1 := 2xy = 0 ∧ x2 − y2 < 1, ϕ2 := 2xy = 0 ∧ x2 − y2 < −1,
ϕ3 := 4x3y − 4xy3 = 0 ∧ x4 − 6x2y2 + y4 < 1.

We want to decompose according to these and test the truth of
the identity on each cell. A sign-invariant CAD for the polynomials
involved would do this but a TTICAD is simpler.
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CAD by RegularChains technology

< 2009 All CAD research broadly within Collin’s projection
and lifting framework.

ISSAC 2009 Chen, Moreno Maza, Xia & Yang give new approach.

Rn Rn

Rn−1 Rn−1

R1 R1

Projection Lifting
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Why use RC-CAD?

RC-CAD starts with a complex cylindrical decomposition (CCD).
Example: The tree below represents a sign-invariant CCD for
p := x2 + bx + c under variable ordering c ≺ b ≺ x .

c = 0

b = 0

x = 0 x 6= 0

b 6= 0

p = 0 p 6= 0

c 6= 0

b2 − 4c = 0

2x + b = 0 2x + b 6= 0

b2 − 4c 6= 0

p = 0 p 6= 0

This shows the key advantage of RC-CAD: case distinction. The
polynomial b is not sign-invariant for the whole decomposition,
only when required. There is no global projection operator.
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Incremental triangular decomposition

CCDs may be calculated using the theory of triangular
decomposition by regular chains:
ISSAC 2009: Utilising existing algorithms in the RegularChains

Library.
ASCM 2012: Using custom built algorithms, now part of the

RegularChains Library.
One practical difference is that the latter algorithms work
incrementally: refining a tree one polynomial at a time.

This incremental approach allowed for the implementation of
simplification in the presence of equational constraints: if an EC is
not satisfied on a branch then no need for further refinement with
respect to the remaining polynomials.
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RC-TTICAD

In our CASC 2014 paper we present an algorithm, RC-TTICAD, to
produce TTICADs in the RC-CAD framework through incremental
triangular decomposition. Main ideas:

if an EC is not satisfied on a branch then no need for further
refinement with respect to the remaining polynomials in its
formula;
if multiple ECs in a formula a branch can be rendered false.
With one formula it may be removed but with multiple
formulae we must take care if the branch is used elsewhere.
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Comparison with prior work: RC-CAD

RC-TTICAD allows for the consideration of multiple formulae at
once, and if ECs are present, a significant reduction in
computation time and output size.

Theorem: If we have r formulae, each with s ECs and t other
constraints then RC-CAD "considers" 2r(s+t)+1 − 2 constraints and
RC-TTICAD 2(s + 2t)r − 2.

Example A: Consider y � x and

f1 := x2 + y2 − 4, g1 := (x − 3)2 − (y + 3),

f2 := (x − 6)2 + y2 − 4, g2 := (x − 3)2 + (y − 2),

φ1 := f1 = 0 ∧ g1 < 0, φ2 := f2 = 0 ∧ g2 < 0,

Using Regular Chains technology: a sign-invariant CAD for
{f1, f2, g1, g2} has 231 cells and a TTICAD for {φ1, φ2} 63.
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Full dimensional
cells in the CADs
for Example A:
top: 72 full-dim
cells in the
sign-invariant CAD.
bottom: 22
full-dim cells in the
TTICAD.
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Comparison with prior work: PL-TTICAD I

1 The case distinction built into the RC-CAD framework.

The RC-TTICAD for Example A has 63 cells while a PL-TTICAD
67. The differences occur in the lower-dimensional cells. E.g.:
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Comparison with prior work: PL-TTICAD II

2 Can take advantage of multiple ECs in a formula.

Example B: Consider y � x and

f1 := x2 + y2 − 1, h := y2 − x
2 , g1 := xy − 1

4

f2 := (x − 4)2 + (y − 1)2 − 1 g2 := (x − 4)(y − 1)− 1
4 ,

φ1 := h = 0 ∧ f1 = 0 ∧ g1 < 0, φ2 := f2 = 0 ∧ g2 < 0.

We can build a TTICAD for {φ1, φ2} with 69 cells using Regular
Chains technology, and with 117 cells using projection and lifting.
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top: 37 full-dim
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Comparison with prior work: PL-TTICAD II

Many of the projection operators for PL-CAD only work on
well-oriented input: (certain) projection polynomials not nullified
above cells. This is statistically rare but we have many examples
(especially from simplification analysis).

3 No theoretical failure due to well-orientedness conditions.

Example C: Consider
√
z
√
w =

√
zw over C2. With

z = x + iy,w = u + iv we have branch cuts when

(y = 0 ∧ x < 0) ∨ (v = 0 ∧ u < 0) ∨ (yu + xv = 0 ∧ xu − yv < 0).

In all 24 variable orderings the input is not well-oriented for
PL-TTICAD. An RC-TTICAD can be built with 97 cells.
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Experimental Results: with our previous algorithms

First we compared RC-TTICAD with PL-CAD, PL-TTICAD, and two
versions of RC-CAD. Note:

All in Maple, RC algorithms in RegularChains Library and
PL algorithms in ProjectionCAD package.
Examples from CAD and polynomial system solving papers.
Experimental data at http://opus.bath.ac.uk/38344/.

We found:
RC-TTICAD never gave larger cell counts than our previous
work. If the structure for TTICAD then cell counts are an
order of magnitude lower.
RC-TTICAD usually the quickest, and in some cases there is a
vast speed-up.
Several examples where PL-TTICAD had theoretical failure.
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Experimental Results: with other CAD implementations

We also compared RC-TTICAD (in the RegularChains Library for
Maple) with Mathematica, Qepcad, SyNRAC (in Maple)
and Redlog (in Reduce). [Public versions Jan 2014].

Found that both SyNRAC and Redlog failed for many of
our examples. However, some examples where Redlog had
lowest cell count (partial lifting).
TTICAD theory allows smaller cell counts than Qepcad
(even with manual EC declarations).
Mathematica the quickest on average for our examples.
Output is cylindrical formula so cannot compare cell counts
and use for algebraic simplification.
Large variation in comparison with Mathematica by
example.
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Quantifier Elimination I
The major application of CAD is Quantifier Elimination (QE):
Given A prenex formula

Φ := Qk+1xk+1, . . .Qnxnφ(x1, . . . , xn)

where Qi ∈ {∀, ∃} and φ is a quantifier free formula;
Find another quantifier free formula ψ(x1, . . . , xk) equivalent to Φ
for all x1, . . . , xk .

Applications: Geometry theorem proving, stability and bifurcation
analysis of dynamical systems (biological systems), control system
design, verification of hybrid systems, program verification,
non-linear optimization . . . .

A CAD for φ (with suitable invariance condition) can clearly be
used for this purpose. However, to produce a solution formula over
the same field then we must take care.
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Quantifier Elimination II

In PL-CAD a CAD is projection-definable if a Tarski solution
formula can be constructed from the projection polynomials alone.

Collins introduced an augmented projection operator to
produce projection-definable CADs.
Brown introduced an algorithm to refine a generic PL-CAD to
make it projection-definable.

An RC-CAD is projection-definable if a Tarski solution formula can
be constructed from the polynomials in the tree only.

Defined in ISSAC 2014 by Chen and Moreno Maza. Algorithm
presented to refine a generic RC-CAD to a projection-definable one.

Implementation in RegularChains Library in Maple means CAD
by regular chains technology (including RC-TTICAD) may now be
used for QE.
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Problem formulation for RC-TTICAD

As with all CAD algorithms the output is dependent on the
variable ordering used:

Brown and Davenport defined examples where it changes the
complexity from constant to doubly exponential.
Regularly affects the tractability of problems in practice.

In ICMS 2014 Bath team investigated the problem for RC-TTICAD
proposing new heuristics tailored to this algorithm.

RC-TTICAD is also sensitive to the order in which constraints are
presented due to the incremental nature. Present authors
investigated this in CICM 2014 proposing new heuristics.

Open question: How best to consider these issues in tandem?

BCDEMW14 – CASC 2014 Truth-Table Invariant CAD by Regular Chains



Cylindrical Algebraic Decomposition
New Algorithm: RC-TTICAD

Examples and Experiments
Some Recent Progress

Problem formulation for RC-TTICAD

As with all CAD algorithms the output is dependent on the
variable ordering used:

Brown and Davenport defined examples where it changes the
complexity from constant to doubly exponential.
Regularly affects the tractability of problems in practice.

In ICMS 2014 Bath team investigated the problem for RC-TTICAD
proposing new heuristics tailored to this algorithm.

RC-TTICAD is also sensitive to the order in which constraints are
presented due to the incremental nature. Present authors
investigated this in CICM 2014 proposing new heuristics.

Open question: How best to consider these issues in tandem?

BCDEMW14 – CASC 2014 Truth-Table Invariant CAD by Regular Chains



Cylindrical Algebraic Decomposition
New Algorithm: RC-TTICAD

Examples and Experiments
Some Recent Progress

Problem formulation for RC-TTICAD

As with all CAD algorithms the output is dependent on the
variable ordering used:

Brown and Davenport defined examples where it changes the
complexity from constant to doubly exponential.
Regularly affects the tractability of problems in practice.

In ICMS 2014 Bath team investigated the problem for RC-TTICAD
proposing new heuristics tailored to this algorithm.

RC-TTICAD is also sensitive to the order in which constraints are
presented due to the incremental nature. Present authors
investigated this in CICM 2014 proposing new heuristics.

Open question: How best to consider these issues in tandem?

BCDEMW14 – CASC 2014 Truth-Table Invariant CAD by Regular Chains



Cylindrical Algebraic Decomposition
New Algorithm: RC-TTICAD

Examples and Experiments
Some Recent Progress

Constraint ordering for RC-TTICAD

This simplified version of Example B has four different constraint
orderings and associated cells counts ranging from 25 to 81.
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http://www.regularchains.org

Contact Details
M.England@bath.ac.uk

http://www.cs.bath.ac.uk/∼me350/

Thanks for listening
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