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Branch cuts

Roughly speaking, a branch
cut is a curve in the complex
plane such that it is possible
to define a single analytic
branch of a multi-valued
function on the plane minus
that curve.

Most computer algebra systems deal with multi-valued functions
by working with their single valued counterparts. In this case, the
branch cuts are lines over which the function is discontinuous.
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Assumptions

Throughout we use the normal notation for single valued
counterparts defined on a principal domain.
We assume some standard definitions for the branch cuts of a set
of functions: usually portions of the real or imaginary axes.

M. Abramowitz and I.A. Stegun
Handbook of mathematical functions.
National Bureau of Standards, 1964.
National Institute for Standards and Technology.
The NIST Digital Library of Mathematical Functions, 2010.
http://dlmf.nist.gov

We follow the conventions in Maple.

Other definitions would lead to different, but not fewer, problems.
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Motivating Example

Consider the identities
√
1− z

√
1+ z =

√
1− z2 (1)

√
z − 1

√
z + 1 =

√
z2 − 1. (2)

Identity (1) is true for all z ∈ C while (2) is not. For example when
z = −2 it evaluates to −

√
3 =
√
3.
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Motivating Example

The green regions indicate where identity (2) is true and the red
where it is false.
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Motivating Example

The branch cuts of identity (2) are shown below.
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Motivating Example

The branch cuts of identity (1) and identity (2).
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Motivation

The team at Bath are motivated by the aim of improving
simplification and deciding symbolic equivalence of functions in
computer algebra. We aim to:

Identify universal results currently missed.
Improve conditional simplification.

The key is an understanding of the branch cuts involved.

Of course accurate and comprehensible knowledge of branch cuts
is essential for correctly working with multi-valued functions in
many other situations.

We present two representations for branch cuts and specified
algorithms on how they may be calculated. Implementations were
included in Maple 17.
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Existing approaches

There exist static tables of branch cut definitions, but our thesis is
that such information should be dynamic, providing an accurate
representation of the branch cuts for a mathematical expression.

Maple had already made some progress towards this. Information
on Maple’s predefined functions may be accessed with the
FunctionAdvisor tool. It aims to be:

a handbook for special functions;
both human and machine readable;
to process output to fit the query.

Within FunctionAdvisor there exists a table of the defining cuts.
When FunctionAdvisor is called on a function with argument it
substituted the argument into these definitions and applied
simplification rules.
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Where Maple 16 gets it wrong

> FunctionAdvisor(branch_cuts, ln(-sqrt(z)));

[ln(−
√
z),−

√
z < 0]

Indicates a branch cut
when −

√
(z) < 0 =⇒ the

positive real axis.

True, but also
discontinuous along the
negative real axis (from
the square root).

Hence the output was both incomplete and required analysis from
the user to identify the cut position.
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Working with real variables

Our first approach is to move the problem into real space so that
branch cuts are represented by semi-algebraic sets.

Example
Calculate the branch cuts of f (z) = log(z2 − 1).

log has branch cuts along the negative real axis.
Let x = <(z), y = =(z). Then f has branch cuts when
2xy = 0 and x2 − y2 − 1 < 0.
This semi-algebraic set has two sets of solutions:
{y = 0, x ∈ (−1, 1)} and {x = 0, y free}.
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The function f (z) = log(z2 − 1)
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Algorithm 1

Algorithm 1: BC–F–RV1

Input : A polynomial p and known function name f .
Output: The branch cuts of f (p(z)).

1 if f introduces branch cuts then
2 Obtain the defining branch cut(s) for f .
3 Set <(z) = x ,=(z) = y to obtain p(z) = p(x , y).
4 Set R and I to be the real and imaginary parts of p(x , y).
5 for each defining cut Ci do
6 Sub R and I into Ci to define a SAS in (x , y).
7 Set Bi to be the set of solutions to the SAS.
8 return The union of the Bi .
9 else

10 return the empty set.
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Extending to combinations of functions

We extend Algorithm 1 to work with combinations of functions
(sums, products, relations) by simply taking the union of the
branch cuts of the components.

Example
Calculate the branch cuts of the identity√
z + 1

√
z − 1 =

√
z2 − 1.

Algorithm 1 identifies the branch cuts of the two terms in the
left hand side as {x < −1, y = 0} and {x < 1, y = 0}.
Similarly the right hand side returns {x = 0, y free} and
{y = 0,−1 < x < 1}.
Algorithm 2 returns the union of these.
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The identity
√

z + 1
√

z − 1 =
√

z2 − 1
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Algorithm 2

Algorithm 2: BC–C

Input : Any combination of functions whose branch cuts can
individually be studied by an available algorithm.

Output: A set of cuts, a subset of which are the branch cuts.
1 Set F1, . . .Fn to be the functions involved in the expression.
2 for i = 1 . . . n do
3 Set Bi to the output from applying a suitable branch cuts

algorithm to Fi .
4 return ∪iBi
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Extending the approach further

We cannot use Algorithm 1 to tackle the introductory example
ln(−
√
z)).

We need to de-nest the roots present.

Example
Calculate the branch cuts of f = log(−

√
z).

Set q = −
√
z = −

√
x + iy .

De-nest by squaring to give p = q2 = x + iy .
Suppose that q = Rq + Iq i . Then p = q2 implies

x + iy = (R2
q − I2

q) + 2i(RqIq)

Since log has defining cuts along the negative real axis we
know Rq < 0 and Iq = 0. The second condition implies
y = 0 and x = R2

q > 0.
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Extending the approach further - example continued

Example continued
We also consider the branch cut created by the square root.
Hence we return two cuts {x > 0, y = 0} and {x < 0, y = 0}.
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Algorithm 3
Algorithm 3: BC–F–RV2

Input : A radical expression q and known function name f .
Output: A set of cuts: a subset are the branch cuts of f (q(z)).

1 if f introduces branch cuts then
2 Obtain the defining branch cuts for f .
3 Set z = x + iy to obtain q(z) = q(x , y).
4 De-nest the roots in q(x , y) to obtain p(x , y).
5 Compare Rp and Ip with Rq and Iq.
6 Define a SAS in (x , y) from 2 and 5.
7 Set B to be the solutions of the semi-algebraic set.
8 else
9 Set B to be the empty set.

10 Set A =BC–C(q(z)) (application of Algorithm 2).
11 return A ∪ B.
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An alternative representation

It is difficult to extend Algorithm 3 much further while maintaining
semi-algebraic descriptions of branch cuts. Also, the de-nesting
required can be time and memory intensive.

So we also consider a complex parametric representation for branch
cuts as in Dingle and Fateman (ISSAC ’94).

Example (revisited)
Calculate the branch cuts of f (z) = log(z2 − 1).

We encode the branch cuts by setting z2 − 1 = a and letting
a range over the original cut.
We solve to find z(a) = ±

√
a + 1.

We return two cuts {z =
√
a + 1, a ∈ (−∞, 0)} and

{z = −
√
a + 1, a ∈ (−∞, 0)}.
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Algorithm 4
Algorithm 4: BC–F–CV

Input : An argument q(z) and a known function name f .
Output: A set of cuts (a subset are the branch cuts) or a warning.

1 if f introduces branch cuts then
2 Obtain the defining branch cuts for f , each a range on an axis.
3 for each cut Ci do
4 If Ci is on the real axis then q(z) = a, else q(z) = ia.
5 Find the solutions z(a) to this equation. If the complete set

of solutions cannot be guaranteed then provide a warning
6 Let B be the solutions, each with the range for a from Ci .
7 else
8 Set B to be the empty set.
9 Set A =BC–C(q(z)) (application of Algorithm 2).

10 return A ∪ B.
Matthew England Understanding Branch Cuts of Expressions
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Example of the second representation

Algorithm 4 can be applied more widely as in the following
example where the function has an infinite number of branch cuts.

> FunctionAdvisor(branch_cuts, ln(exp(z)) );
The cuts depend on one integer parameter _Z8;
plotting with [_Z8 = -1, _Z8 = 0, _Z8 = 1]

[ln(ez),And(z = ln(α) + 2Iπ_Z8, α ∈ RealRange(−∞,Open(0))]

(Maple 17.01 only).
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The function f (z) = ln(ez)
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Comparison of the approaches

Both representations can be easily visualised as 2d plots.

Real Variables Complex variable
• Intuitive algebraic output • Usually quicker.

• More specified output • More expressions covered.
• Output more suitable for
working with afterwards

The best approach to use will depend on the application.
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Limitations

Of course, for complicated functions the calculations could suffer
from time or memory constraints. But this is not the case for any
reasonable example encountered.

Those calculations relying on Maple’s solve algorithms may not
give the desired output. For example, if the argument is a large
polynomial then they can fail to separate the different roots of a
solution set, representing several branch cuts with a single RootOf
construct. The branch cuts code has a warning system built in to
notice such situations.

A more important problem is the presence of cuts in the output
which do not correspond to discontinuities of the function
inputted. We call these spurious cuts.
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Spurious formulation cuts

There are two sources of spurious cuts in our algorithms:
From combinations of functions which have their branch cuts
(or rather the discontinuities in real / imaginary part that they
introduce) cancel. We call these spurious formulation cuts.
From the de-nesting procedure producing a SAS describing the
solutions for all roots. We call these spurious de-nesting cuts.

Note that both types can arise in both branch cut representations.
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Removal of spurious cuts

We are working on the removal (or minimization of) spurious cuts.
Ideas being investigated:

Possible formulation cuts identified by branch cuts intersects.
Use limits as a sample point to check for continuity.

Using symmetries in the functions to identify spurious cuts.
(If continuity is already established on one side it may be
concluded on the other.)
Avoiding de-nesting cuts by adding extra conditions to the
semi-algebraic sets obtained after de-nesting, following
[Phisanbut thesis].
Comparing with the alternate branch functions of [Dingle and
Fateman, 1994].

Some simple cases dealt with already.
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Improved simplification with branch cuts

We finish by returning to our motivating problem of improving
simplification. Assuming with have accurate knowledge of the
branch cuts how could we utilise this?

An approach suggested by [Bradford and Davenport, 2002] is to do
the following for a proposed identity:

1 Represent the branch cuts involved using semi-algebraic sets.
2 Decompose the domain according to these sets using

cylindrical algebraic decomposition (CAD).
3 Test each cell of the decomposition at a sample point to see if

the identity is true.
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Difficulties and progress

There are quite a few subtleties / difficulties:
CAD is doubly exponential leading to computation
restrictions.
Testing the identity on sample points which are algebraic
numbers is not trivial.

The team at Bath have developed a new CAD algorithm well
suited for the SASs which define branch cuts.

R. Bradford, J.H. Davenport, M. England, S. McCallum and
D. Wilson.
Cylindrical Algebraic Decompositions of Boolean
Combinations.
Proceedings of ISSAC ’13, pp 125–132, ACM, 2013.

Identities (1) and (2) decompose the plane into 21 cells using this
new approach, all which have rational sample point.
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Univariate functions with parameters
We can consider multivariate functions with branch cuts in just
one argument (such as Bessel functions, Jacobi θ-functions and
Chebyshev polynomials).

For example, Bessel functions of the first kind Jα(z) have branch
cuts in z only if α is not an integer.

> FunctionAdvisor( BesselJ(a,sqrt(z^3-1)), parameters={a} );
Warning, branch cuts have been calculated which
only occur if a::(Not(integer)),

{=(z) = 0,<(z) < 1}, {<(z) = −1
3
√
3=(z), 1

2
√
3 < =(z)},

{=(z) = 0, 1 < <(z)}, {<(z) = −1
3
√
3=(z),=(z) < 1

2
√
3},

{<(z) = 1
3
√
3=(z),−1

2
√
3 < =(z)},

{<(z) = 1
3
√
3=(z),=(z) < −1

2
√
3}.
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The function f (a, z) = BesselJ(a,
√

z3 − 1
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The End

Contact Details
M.England@bath.ac.uk

http://www.cs.bath.ac.uk/∼me350/

Thanks for listening!
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