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Background
Problem formulation

What is this paper / talk about?

Formulating problems for real algebraic geometry

Formulating problems for quantifier elimination
Formulating problems for cylindrical algebraic

decomposition

Start by defining the problems and objects. Then survey
Historic issues of problem formulation and solutions;
Recent work by me and my group;
Ongoing research;
Potential future research.
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Background
Problem formulation

Quantifier elimination
Cylindrical Algebraic Decomposition

Quantifier Elimination

Quantifier Elimination (QE)
Let Φ be a standard prenex formula:

Φ := (Qkxk)(Qk+1xk+1) . . . (Qnxn)ϕ(x1, . . . , xn).

Here Qk , . . . ,Qn ∈ {∀,∃} are quantifiers and ϕ is a quantifier free
formula (QFF). The quantifier elimination problem is to find
another QFF ψ(x1, . . . , xk−1) which is equivalent to Φ.

For example, if
Φ := (∃x)ax2 + bx + c = 0

Then an equivalent ψ(a, b, c) is

ψ = b2 − 4ac > 0 ∨ (b 6= 0 ∧ b2 − 4ac = 0) ∨ c = 0.
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Quantifier elimination
Cylindrical Algebraic Decomposition

Quantifier Elimination: Solutions

In 1931 Godel showed that QE is not possible over N.
In 1949 Robinson showed that QE is not possible over Q.
In 1951 Tarski showed that QE is possible over real closed
fields such as R.

Considering QE over R:
Tarski’s algorithm had complexity which could not be
expressed as a finite tower of exponentials.
Collins introduced QE by CAD in 1974 with complexity doubly
exponential in the number of variables.
In 1988 Davenport, Heinz and separately Weispfenning
showed that QE must be doubly exponential in the number of
quantifier alternations.
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Quantifier elimination
Cylindrical Algebraic Decomposition

Why study CAD?

There are several alternative algorithms for many specific
classes of QE problem.
There are alternative general QE algorithms, such as virtual
substitution (implemented in Redlog).

CAD has less than optimal complexity for QE, so why study it?

CAD remains the only general purpose QE algorithm
implemented.
Over the last 40 years there has been a great development of
CAD theory meaning implementations can be extremely
competitive.
There are applications of CAD outside of QE: parametric
optimisation, theorem proving, programming with complex
functions, safety-critical motion planning etc.
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Background
Problem formulation

Quantifier elimination
Cylindrical Algebraic Decomposition

What is a CAD?

A Cylindrical Algebraic Decomposition (CAD) is:
a decomposition meaning a partition of Rn into connected
subsets called cells;
(semi)-algebraic meaning that each cell can be defined by a
sequence of polynomial equations and inequations.
cylindrical meaning the cells are arranged in a useful manner -
their projections are either equal or disjoint.
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Cylindrical Algebraic Decomposition

Example - Cylindrical Algebraic Decomposition I

A CAD of R2 is given by the following collections of 13 cells:

x < −1 {

[x < −1, y = y ],

x = −1 {

[x = −1, y < 0], [x = −1, y = 0], [x = −1, y > 0],

{

[−1 < x < 1, y2 + x2 − 1 > 0, y > 0],

{

[−1 < x < 1, y2 + x2 − 1 = 0, y > 0],

− 1 < x < 1 {

[−1 < x < 1, y2 + x2 − 1 < 0],

{

[−1 < x < 1, y2 + x2 − 1 = 0, y < 0],

{

[−1 < x < 1, y2 + x2 − 1 < 0, y < 0],

x = 1 {

[x = 1, y < 0], [x = 1, y = 0], [x = 1, y > 0],

x > 1 {

[x > 1, y = y ]
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Quantifier elimination
Cylindrical Algebraic Decomposition

Sign-invariance

Traditionally a CAD is
produced from a set of
polynomials such that each
polynomial has constant sign
(positive, zero or negative) in
each cell. Such a CAD is said
to be sign-invariant.
The example CAD from the
previous slide was
sign-invariant for the
polynomial x2 + y2 − 1.

A CAD sign-invariant for polynomials involved can be used for QE.
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Quantifier elimination
Cylindrical Algebraic Decomposition

Projection and lifting
Collins algorithm [7] to build a CAD used:

Projection: to derive a set of polynomials from the input
which can define the decomposition

Lifting: to incrementally build CADs by dimension.
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Background
Problem formulation

Variable Ordering
Other Issues

Problem formulation for CAD

There have been numerous improvements and developments to
CAD theory and implementations over the years [8]. But perhaps
less focus on how we use / formulate problems for the technology.

Any CAD is produced relative to an ordering on the variables
(defining which projections the cylindricity is defined against)

Consider a sign-invariant CAD for f := (x − 1)(y2 + 1)− 1. Then
there are two possible minimal CADs:

3 cells (2 full dimensional) 11 cells (5 full dimensional)
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Variable Ordering
Other Issues

The variable ordering

Depending on the underlying application we may have a choice for
the variable ordering. For quantifier elimination:

Variables must be projected in the order they are quantified,
with free variables projected last. However,

The order of projection can be swapped for free variables and
variables in blocks of the same quantifier.

In the previous example the wrong choice of variable ordering could
triple the number of cells. It can be much worse: In [5] examples
were presented where changing the variable ordering would change
the number of cells required from constant to doubly exponential
in the number of variables.
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Variable Ordering
Other Issues

Heuristics to help: well known options

There exist heuristics to help choose:
Brown Eliminate lowest degree variable first (with

tie-breaking rules) [4].

Quite effective despite
considering only simple measures of the initial input.

sotd For all admissible orderings, calculate the projection
set and choose the one with smallest sum of total
degree of all monomials [9].

Performs well but costly
with many orderings.

Greedy sotd Allocate one variable of the ordering at a time by
projecting each unallocated variable and choosing the
one which increases the sotd least.
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Variable Ordering
Other Issues

Heuristics to help: recent and current work

The measures defining the previous heuristics (degrees of various
polynomials) can be misled, or give ties, especially when the
differences lie in the real geometry. Some alternatives:

ndrr Compare the number of distinct real roots of the
univariate projection polynomials (essentially
comparing the CADs of R1) [3].

1-layered sub-CAD Compare the first layer of the CADs (the
number of full dimensional cells). Much simpler to
compute as all computations with algebraic numbers
avoided.

Combinations Using one heuristic as a tie-break for another.
Machine Learning Essentially a meta-heuristic on the above [11].
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Other Issues

Equational constraints I

There is more to worry about than the variable ordering.

Instead of a CAD sign-invariant for polynomials we now build
CADs truth-invariant for formulae. We make savings if a formula
has an equational constraint: an equation logically implied by the
input. In [12] CADs are built sign-invariant for the polynomial
defining the EC, and for the other polynomials only when the EC is
satisfied. But if there is more than one EC, which to designate?

21 cells (8 full dimensional) 25 cells (9 full dimensional)
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Equational constraints II

Existing heuristics can help with EC designation, but what about:
Implicit ECs Consider φ := (f1 = 0 ∧ φ1) ∨ (f2 = 0 ∧ φ2). There is

no explicit EC but φ = (f1f2 = 0) ∧ φ. We can hence
get savings from an EC, but with higher degree
polynomials the computation time may increase.

Well-orientedness CAD algorithms often work only for input that is
well-oriented. The precise details vary and input can
be well-oriented for one algorithm but not another.
How to make a good choice at the start, or reuse
partial calculations?

Matthew England Formulating problems for real algebraic geometry



Background
Problem formulation

Variable Ordering
Other Issues

Equational constraints II

Existing heuristics can help with EC designation, but what about:
Implicit ECs Consider φ := (f1 = 0 ∧ φ1) ∨ (f2 = 0 ∧ φ2). There is

no explicit EC but φ = (f1f2 = 0) ∧ φ. We can hence
get savings from an EC, but with higher degree
polynomials the computation time may increase.

Well-orientedness CAD algorithms often work only for input that is
well-oriented. The precise details vary and input can
be well-oriented for one algorithm but not another.
How to make a good choice at the start, or reuse
partial calculations?

Matthew England Formulating problems for real algebraic geometry



Background
Problem formulation

Variable Ordering
Other Issues

Truth-table invariant CAD

Truth-table invariant CAD: a sequence of formulae have constant
Boolean truth value on each cell [2]. Decomposing space according
to the branch cuts of functions requires this. E.g. f =

√
z2 + 1.

Also useful for giving a truth-invariant CAD for a parent formula
(when breaking into sub-formulae introduces ECs). But how best
to decompose the formula?
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CAD by Regular Chains

In 2009 a new approach to CAD was introduced which broke with
Collins’ projection and lifting. Instead decompositions are first built
in complex space using the theory of triangular decomposition by
regular chains.

In [6] an extension to use ECs was introduced and
in [1] an extension for TTICADs. These algorithms can use more
than one EC, but the order of constraints changes the output.

Upcoming paper [10] derives new heuristics which can help here.
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Some other issues

Preconditioning In [15, 3] the idea of preconditioning CAD input
using Groebner bases was investigated. Could be
extremely beneficial, but not universally so. Heuristic
developed to identify when, but not suitable for all
CAD algorithms.

Algorithm choice There are now two theoretical approaches to
build CADs: by projection and lifting, or by regular
chain decomposition. Experiments in [1,6] show that
the different approaches outperform each other for
different examples. How can we classify examples for
use with one approach or the other?
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Deriving the mathematics: A piano movers problem

In long standing test problem for CAD is that of describing whether
and how a ladder may pass through a right angled corridor?

1

2

The problem is usually described algebraically by the ladder being
in the feasible regions. In [14] we found that using a negation of
the description of the infeasible regions allowed for a much smaller
CAD. How to identify when these kind of tricks are useful?
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Final thoughts

Hopefully I have convinced you that problem formulation can
make a big difference to CAD.
Many lessons would apply to QE more generally, perhaps or
elsewhere in computational real algebraic geometry.
Much work still to do.

Contact Details
M.England@bath.ac.uk

http://www.cs.bath.ac.uk/∼me350/

Thanks for listening!
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