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Abelian functions associated with a genus six tetragonal curve

Elliptic function theory
Generalising to higher genus

What are elliptic functions?

They are complex functions which are meromorphic and have
two independent periods ω1, ω2, such that ω1

ω2
/∈ R and

f (u + ω1) = f (u + ω2) = f (u) for all u ∈ C.

sin(u) ℘(u)
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The Weierstrass ℘-function I

Karl Weierstrass
1815-1897

Let us define the ℘-function
using the auxilary σ-function,

℘(u) = − d2

du2 ln[σ(u)].

It will have one double pole in
each period parallelogram.
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The Weierstrass ℘-function II

The Weierstrass ℘-functions satisfies differential equations,

[℘′(u)]2 = 4℘(u)3 − g2℘(u)− g3,

℘′′(u) = 6℘(u)2 − 1
2g2.

Consider a non-singular algebraic curve of the form,

y2 = x3 + ax + b, a, b constant.

This is an elliptic curve, and it can be parametrised by
(℘, ℘′).
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The Weierstrass ℘-function III

For points close to the origin we have series expansions,

℘(u) =
1
u2 +

1
20

g2u2 +
1
28

g3u4 + . . .

σ(u) = u − 1
240

g2u5 − 1
840

g3u7 − . . .

Both ℘(u) and σ(u) satisfy addition formula.

℘(u + v) =
1
4

[
℘′(u)− ℘′(v)

℘(u)− ℘(v)

]2

− ℘(u)− ℘(v).

−σ(u + v)σ(u − v)

σ(u)2σ(v)2 = ℘(u)− ℘(v).
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General and cyclic (n, s)-curves

Let (n, s) be coprime with n < s. We define the class of
general (n, s)-curves as

yn − xs −
∑
α,β

µ[ns−αn−βs]xαyβ µj constants,

where α, β ∈ Z with α ∈ (0, s − 1), β ∈ (0, n − 1) and
αn + βs < ns. These have genus g = 1

2(n − 1)(s − 1).

They have a simpler subclass of cyclic (n, s)-curves

yn = xs + λs−1xs−1 + ... + λ1x + λ0

These curves are invariant under

(x , y) → (x , ζy), ζn = 1.
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Abelian functions associated to curves

For the chosen (n, s)-curve, C, we construct:
du — a basis of holomorphic differentials upon C.
{αi , βj}1≤i,j≤g — a basis of cycles upon C.
The period matrices

ω1 =
(∮

αj
dui

)
i,j=1,...,g

ω2 =
(∮

βj
dui

)
i,j=1,...,g

Let M(u) be a meromorphic function of u ∈ Cg . Then M(u) is
an Abelian function associated with C if

M(u + ω1nT + ω2mT ) = M(u),

for all integer vectors n, m ∈ Z where M(u) is defined.
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Kleinian ℘-functions I

For a given (n, s) curve we can define the multivariate
σ-function associated to it, (in analogy to the elliptic case).

σ = σ(u) = σ(u1, u2, ..., ug)

Kleinian ℘-functions
Define the Kleinian ℘-functions as the second log derivatives.

℘ij = − ∂2

∂ui∂uj
ln σ(u), i ≤ j ∈ {1, 2, ..., g}

They are Abelian functions.

Imposing this notation on the elliptic case gives ℘11 ≡ ℘.

Matthew England Abelian Function Theory



Background and Motivation
Abelian functions associated with a genus six tetragonal curve

Elliptic function theory
Generalising to higher genus

Kleinian ℘-functions I

For a given (n, s) curve we can define the multivariate
σ-function associated to it, (in analogy to the elliptic case).

σ = σ(u) = σ(u1, u2, ..., ug)

Kleinian ℘-functions
Define the Kleinian ℘-functions as the second log derivatives.

℘ij = − ∂2

∂ui∂uj
ln σ(u), i ≤ j ∈ {1, 2, ..., g}

They are Abelian functions.

Imposing this notation on the elliptic case gives ℘11 ≡ ℘.

Matthew England Abelian Function Theory



Background and Motivation
Abelian functions associated with a genus six tetragonal curve

Elliptic function theory
Generalising to higher genus

Kleinian ℘-functions I

For a given (n, s) curve we can define the multivariate
σ-function associated to it, (in analogy to the elliptic case).

σ = σ(u) = σ(u1, u2, ..., ug)

Kleinian ℘-functions
Define the Kleinian ℘-functions as the second log derivatives.

℘ij = − ∂2

∂ui∂uj
ln σ(u), i ≤ j ∈ {1, 2, ..., g}

They are Abelian functions.

Imposing this notation on the elliptic case gives ℘11 ≡ ℘.

Matthew England Abelian Function Theory



Background and Motivation
Abelian functions associated with a genus six tetragonal curve

Elliptic function theory
Generalising to higher genus

Kleinian ℘-functions II

We can extend this notation to higher order derivatives

℘ijk = − ∂3

∂ui∂uj∂uk
ln σ(u) i ≤ j ≤ k ∈ {1, 2, ..., g}

℘ijkl = − ∂4

∂ui∂uj∂uk∂ul
ln σ(u) i ≤ j ≤ k ≤ l ∈ {1, 2, ..., g}

etc.

Imposing this notation on the elliptic case would show
℘′ ≡ ℘111 ℘′′ ≡ ℘1111

A curve with g = 3 has 6 ℘ij and 10 ℘ijk :

{℘11, ℘12, ℘13, ℘22, ℘23, ℘33}
{℘111, ℘112, ℘113, ℘122, ℘123, ℘133, ℘222, ℘223, ℘233, ℘333}
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Higher genus research

A hyperelliptic curve is an algebraic curve y2 = f (x) where f is
a polynomial in x of degree n > 4.

Klein and Baker derived many results for the simplest
hyperelliptic case — the (2,5)-curve which has genus 2.
A theory for hyperelliptic curves of arbitrary genus has
been developed by Buchstaber, Enolski and Leykin (1997).

A Trigonal curve is an algebraic curve with equation
y3 = f (x), where f is of degree n ≥ 4.

Results have been published for the (3,4) and (3,5)-curves
by authors including Baldwin, Buchstaber, Eilbeck, Enolski,
Gibbons, Leykin, Matsutani, Onishi and Previato.
Work is ongoing on a matrix formulation of the differential
equations satisfied by ℘-functions.
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Example: Results for the (2,5)-curve

PDEs for the 10 possible ℘ijk · ℘lmn using ℘qr of order ≤ 3:

℘2
222 = 4℘3

22 + 4℘12℘22 + 4℘11 + λ4℘
2
22 + λ2

℘122℘222 = 4℘2
22℘12 + λ4℘22℘12 + 2℘2

12
... −2℘11℘22 + 1

2λ3℘22 + 1
2λ1

PDEs for the 5 possible ℘ijkl using ℘qr of order ≤ 2.
Addition formula for the σ-function:

− σ(u + v)σ(u− v)

σ(u)2σ(v)2 =
℘11(u)− ℘22(u)℘21(v)
+℘21(u)℘22(v)− ℘11(v)
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The cyclic (4,5)-curve

I have been working on the first tetragonal case, using the
cyclic (4,5)-curve, which has genus g = 6.

y4 = x5 + λ4x4 + λ3x3 + λ2x2 + λ1x + λ0

Example: wt(λ3x3)=−8 + 3(−4) = −20

For every (n, s)-curve we can define a set of Sato weights that
render all equations in the theory homogeneous.

For the (4, 5) curve they are given by
x y u1 u2 u3 u4 u5 u6 λ4 λ3 λ2 λ1 λ0
-4 -5 11 7 6 3 2 1 -4 -8 -12 -16 -20
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The sigma-function expansion

We want to construct a power series expansion for σ(u).
This will be a multivariate expansion in the variables
u = (u1, u2, u3, u4, u5, u6). It will also depend on the curve
coefficients, {λ4, λ3, λ2, λ1, λ0}.

In 1999 Buchstaber, Enolski and Leykin showed that the
canonical limit of the sigma function associated to an
(n, s)-curve, was equal to the Schur-Weierstrass
polynomial generated by (n,s).

σ(u;λ)
∣∣∣
λ=0

= σ(u; 0) = SWn,s
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The sigma-function expansion II

For the (4,5)-curve we calculate

SW4,5 = 1
8382528 u15

6 + 1
336 u8

6u2
5u4 − 1

12 u4
6u1 − 1

126 u7
6u3u5 − 1

6 u4u3u5u4
6

− 1
72 u3

4u6
6 −

1
33264 u11

6 u2
5 + 1

27 u6
5u3

6 + 2
3 u4u3

5u3 − 2u2
4u6u3u5 − u2

2u6

− 2
9 u3

5u3u3
6 − u4u2

3 + 1
12 u4

4u3
6 −

1
3024 u9

6u2
4 −

1
756 u7

6u4
5 + 1

1008 u8
6u2

+ 1
3 u4

5u2 + 1
3 u3

6u2
3 −

1
9 u4u6

5 + 1
399168 u12

6 u4 + u4u6u2
5u2 + 1

4 u5
4

+ 2 u5u3u2 + 1
6 u5

2u6
4u2 + 1

12 u6
5u2u4 − 1

2 u4
2u6

2u2 + 1
2 u4

3u6
2u5

2

− 1
3 u4

2u6u5
4 − 1

36 u5
4u4u6

4 + u4u6u1 − u5
2u1

Each term has weight +15.
Hence, for the (4,5)-curve, σ(u) has weight +15.
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The sigma-function expansion III

The σ-expansion has weight +15, and contains ui and λj .

Write
the expansion as

σ(u) = C15 + C19 + C23 + ... + C15+4n + ...

where each Ck has weight k in the ui and (15− k) in the λj .
We have C15 ≡ SW4,5. Find the other Ck in turn by:

1 Identifying the possible terms — those with correct weight.
2 Form the sigma function with unidentified coefficients.
3 Determine coefficients by satisfying known properties.
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Heavy use of
Maple!

Used Distributed Maple
on cluster of machines

Polynomial # Terms
C19 50
C27 386
C35 2193
C43 8463
C51 28359
C59* 81832

∗ # possible terms = 120964
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Distributed Maple

Distributed Maple is a software package for running
parallel programs in Maple on a group of Linux machines.
It allows the user to create concurrent tasks, and have
them executed by Maple kernels running on different
machines in the network.
It was developed by Wolfgang Schreiner (RISC, Linz)

The software and manual can be downloaded for free at
www.risc.uni-linz.ac.at/software/distmaple/
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The Q-functions I

The σ-function expansion was constructed in tandem with
a set of PDEs satisfied by the Abelian functions.
These were derived systematically through the
construction of a basis for the simplest class of Abelian
functions.

But to complete this basis we required an additional class
of Abelian functions — the Q-functions.
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The Q-functions II

Definition

Hirota’s bilinear operator is defined as ∆i =
∂

∂ui
− ∂

∂vi
.

It is then simple to check that

℘ij(u) = − 1
2σ(u)2 ∆i∆jσ(u)σ(v)

∣∣∣
v=u

i ≤ j ∈ {1, . . . , 6}.

We extend this to define the n-index Q-functions (for n even).

Qi1,i2,...,in(u) =
(−1)

2σ(u)2 ∆i1∆i2 ...∆inσ(u)σ(v)
∣∣∣
v=u

i1 ≤ ... ≤ in ∈ {1, . . . , 6}.
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The Q-functions III

The Q-functions can be written using ℘-functions. For example,

Qijk` = ℘ijk` − 2℘ij℘k` − 2℘ik℘j` − 2℘i`℘jk .

Qijklmn = ℘ijklmn − 2
([

℘ij℘klmn + ℘ik℘jlmn + ℘il℘jkmn + ℘im℘jkln

+ ℘in℘jklm
]
+

[
℘jk℘ilmn + ℘jl℘ikmn + ℘jm℘ikln + ℘jn℘iklm

]
+

[
℘kl℘ijmn + ℘km℘ijln + ℘kn℘ijlm

]
+

[
℘lm℘ijkn + ℘ln℘ijkm

]
+ ℘mn℘ijkl

)
+ 4

([
℘ij℘kl℘mn + ℘ij℘km℘ln + ℘ij℘kn℘lm

]
+

[
℘ik℘jl℘mn + ℘ik℘jm℘ln + ℘ik℘jn℘lm

]
+

[
℘il℘jk℘mn

+ ℘il℘jm℘kn + ℘il℘jn℘km
]
+

[
℘im℘jk℘ln + ℘im℘jl℘kn

+ ℘im℘jn℘kl
]
+

[
℘in℘jk℘lm + ℘in℘jl℘km + ℘in℘jm℘kl

])
.
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New results for the (4,5)-curve I

New results we have derived for the (4,5)-curve include:
A basis for Abelian functions associated to the (4,5)-curve,
with poles of order at most 2.

A set of equations that express other such functions using
a linear combinations of the basis entries. For example,

Q5556 = 4℘36 + 4℘56λ4

Q566666 = 20℘36 − 4℘56λ4

...

Q1355 = 1
2Q2236 + Q1346 + 1

4Q4555λ2 − 1
2Q2335

... − ℘45λ4λ2 + ℘15λ3
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New results for the (4,5)-curve II

A complete set of PDEs that express the 4-index
℘-functions, using Abelian functions of order at most 2.

(4) ℘6666 = 6℘2
66 − 3℘55 + 4℘46

(5) ℘5666 = 6℘56℘66 − 2℘45

...
(20) ℘2336 = 4℘23℘36 + 2℘26℘33 + 8℘16λ3 − 2℘55λ1

+ 2℘35λ2 + 8℘16℘26 − 2℘1356 + 4℘13℘56

+ 4℘15℘36 + 4℘16℘35 − 2℘1266 + 4℘12℘66

...

These are generalisations of the elliptic PDE:

℘′′(u) = 6℘(u)2 − 1
2g2
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New results for the (4,5)-curve III

A solution to the Jacobi Inversion Problem for this case.
A two-term addition formula similar to that found in lower
genus cases.

σ(u + v)σ(u− v)

σ(u)2σ(v)2 = f (u, v)− f (v , u)

where f (u, v) is a (quite large) polynomial constructed of
Abelian functions.

f (u, v) = 1
4Q114466(u)− 1

6Q4455(v)Q1444(u)

− 6℘55(v)℘66(u)λ2
4λ1 + 4℘44(v)℘46(u)λ4λ1 + ...
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New results for the (4,5)-curve IV

A set of relations that are bi-linear in the 2-index and
3-index ℘-functions.

(-6) 0 = −℘555 + 2℘456 + 2℘566℘66 − 2℘56℘666,=
=

(-7) 0 = −2℘446 + 2℘455 − 2℘466℘66 + 2℘666λ4 + 2℘46℘666

... − 2℘556℘66 + ℘55℘666 + ℘566℘56,

They can be obtained by cross-differentiating the
equations for 4-index ℘-functions. For example,

∂

∂u5
℘6666 −

∂

∂u6
℘5666 = 0.

They have no analogue in the elliptic case.
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B-Functions I

We can use pole analysis on the definition of ℘-functions to
define sets of B-functions which have poles of order at most 3.

BA
ijklm = ℘ij℘klm + 1

3℘jk℘ilm + 1
3℘jl℘ikm + 1

3℘jm℘ikl

− 2
3℘kl℘ijm − 2

3℘km℘ijl − 2
3℘lm℘ijk

BB
ijklm = ℘ik℘jlm + 1

3℘jk℘ilm − 2
3℘jl℘ikm − 2

3℘jm℘ikl

+ 1
3℘kl℘ijm + 1

3℘km℘ijl − 2
3℘lm℘ijk

BC
ijklm = ℘il℘jkm − 2

3℘jk℘ilm + 1
3℘jl℘ikm − 2

3℘jm℘ikl

+ 1
3℘kl℘ijm − 2

3℘km℘ijl + 1
3℘lm℘ijk

BD
ijklm = ℘im℘jkl − 2

3℘jk℘ilm − 2
3℘jl℘ikm + 1

3℘jm℘ikl

− 2
3℘kl℘ijm + 1

3℘km℘ijl + 1
3℘lm℘ijk
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B-Functions II

Using these B-functions we can construct a basis for the
odd Abelian functions with poles of order at most 3,
allowing us to find any missing bilinear relations.
We have generated complete sets of bilinear relations for
cyclic (3,4) and (3,5)-cases, and all relations to weight 37
in the (4,5)-case.

Bilinear relations can be employed to find generalisations
of the fundamental elliptic differential equation.

[℘′(u)]2 = 4℘(u)3 − g2℘(u)− g3

We seek PDEs to express the product of two 3-index
℘-functions, using Abelian functions of order at most 3.
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Quadratic 3-index relations I

Many can be obtained by differentiating bilinear relations,
or multiplying them by 3-index ℘-functions. But alternative
methods need to be employed to complete the set.

Using similar pole analysis we can show that, for any
constants h1, h2, h3, h4, h5

℘ijk℘lmn − (h1 + h2 + h3 + h4 + h5 − 2)℘in℘jl℘km

− (h4 + h5)℘ij℘kl℘mn + (h1 + h3 + h4 + h5 − 2)℘ij℘km℘ln

− (h1 + h3)℘ij℘kn℘lm + (h1 + h2 + h4 + h5 − 2)℘ik℘jl℘mn

− (h1 + h5)℘ik℘jm℘ln + (h1 + h2 + h3 + h4 − 2)℘in℘jk℘lm

− (h1 + h2)℘il℘jk℘mn + h1℘il℘jm℘kn + h2℘il℘jn℘km

− (h3 + h4)℘im℘jk℘ln + h3℘im℘jl℘kn + h4℘im℘jn℘kl

− (h2 + h4)℘ik℘jn℘lm + h5℘in℘jm℘kl

has poles of order at most 4.
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Quadratic 3-index relations II

This significantly simplifies the derivation of quadratic 3-index
identities using the σ-function expansion.

We now have a complete set of quadratic identities for the
cyclic (3,4)-case.
We have almost completed the set for the cyclic (3,5)-case
and we have the beginnings of a set for the (4,5)-case.

(-6) ℘2
666 = 4℘3

66 − 7℘2
56 + 4℘46℘66 − 8℘55℘66

− 4℘66λ4 + 4℘44 + 2℘5566,

(-7) ℘566℘666 = 4℘2
66℘56 + 2℘46℘56 − ℘55℘56

... − 2℘45℘66 + 2℘36,
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Applications: KP-equation

Recall that in the elliptic case the function,
W (x , t) = A℘(x − ct) + B

gives a travelling wave solution for the KdV equation

Wt + 12WWx + Wxxx = 0.

In the (4,5)-case we have ℘6666 = 6℘2
66 − 3℘55 + 4℘46.

Differentiate twice with respect to u6 to give:

℘666666 = 12 ∂
∂u6

(
℘66℘666

)
− 3℘5566 + 4℘4666.

Let u6 = x , u5 = y , u4 = t and W (x , y , t) = ℘66(u). Then[
Wxxx − 12WWx − 4Wt

]
x + 3Wyy = 0

which is a parametrised form of the KP-equation.
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Applications: Benney equations

Kleinian ℘-functions have been used in the solution of
problems which involve the integral of a meromorphic
Abelian differential on an algebraic curves.
One such class of problems involves reductions of the
Benney Moment equations.

We have recently considered the reduction that leads to
the cyclic tetragonal surface of genus 6...

M. England and J. Gibbons
A genus six cyclic tetragonal reduction of the Benney
equations.
To be published.
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M. England and J.C. Eilbeck
Abelian functions associated with a cyclic tetragonal curve
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Further Information
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