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Elliptic function theory

What are elliptic functions?

They are complex functions which are meromorphic and have
two independent periods w1, wo, g—; ¢ R such that

f(u+wy) =flu+we) = f(u) forallu e C.

sin(u)
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Elliptic function theory

Key contributors to elliptic function theory

Karl Weierstrass Carl Jacobi
1815-1897 1804-1851
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Elliptic function theory

Key contributors to elliptic function theory

The function sn(u) has two simple poles in each period
parallelogram, while the p-function has one double pole.
These occur on the period lattice points Apm p = Mwy + Nws.
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Elliptic function theory

The Weierstrass g-function

Definition
Define the Weierstrass g-function associated to the lattice A

1 ! L
p(u; /\) = ? + Z {(U — /\m,n)2 - (/\m n)2 } .

m,n | m2+n2£0

The p-function can also be defined from the Weierstrass
o-function, which can be expressed using Jacobi §-functions.

2
() = — S Inlo(u)]
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Elliptic function theory

Properties of the g-function |

@ The Weierstrass p-functions satisfies differential equations,
[0 ()] = 4p(u)® — gop(u) - gs,
"(u) = 6p(u)® - 3Gz
@ For points close to the origin we have series expansions,

1 1 5 1 4
p(u) = u2+2092U +28Q3U + ...

_ 1 5 1 7
o(u)=u-— 22092Y" ~ gagPY -
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Elliptic function theory

Properties of the g-function |l

@ Both p(u) and o(u) satisfy addition formula.

:1{@’@’)—@’(‘/)

2
o(0) — o(v) ] - o) = olv).
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Elliptic function theory

Properties of the g-function |l

@ Both p(u) and o(u) satisfy addition formula.

:1{@’@’)—@’(‘/)

2
o(0) — o(v) ] - o) = olv).

@ An elliptic curve is a non-singular algebraic curve,
y2=x3+ax+ b, a, b constant.

We find that (p, ¢') is a parametrisation of the curve.
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The higher genus curves and functions

Generalising to higher genus Review of higher genus work
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e Generalising to higher genus
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The higher genus curves and functions

Generalising to higher genus Review of higher genus work

General and cyclic (n, s)-curves

@ Let (n, s) be coprime with n < s. We define the class of
general (n, s)-curves as

V"= X* = fins—an-psX*y”  pj constants,
a7ﬁ

where a, 5 € Z with o € (0,5 —1),8 € (0,n—1) and
an+ (s < ns.
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The higher genus curves and functions

Generalising to higher genus Review of higher genus work

General and cyclic (n, s)-curves

@ Let (n, s) be coprime with n < s. We define the class of
general (n, s)-curves as

V"= X* = fins—an-psX*y”  pj constants,
a7ﬁ

where «, 8 € Z with o € (0,5 — 1), 3 € (0,n— 1) and
an+ (s < ns.
@ They have a simpler subclass of cyclic (n, s)-curves

Y= x5+ X1 xS+ L+ AX+ Ao
These curves are invariant under
(x.y) = (x¢y), (=1




The higher genus curves and functions
Review of higher genus work

Generalising to higher genus

General and cyclic (n, s)-curves

Let C be an (n, s)-curve. This will map to a surface with genus
g=3(n-1)(s-1)

Examples:
@ An elliptic curve is labelled
a (2,3)-curve and has
genus, g =1.

@ A (2,5)-curve will have
genus, g =2
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The higher genus curves and functions

Generalising to higher genus Review of higher genus work

Abelian functions associated to curves

We construct:
@ du — a basis of holomorphic differentials upon C.
@ {wj, Bj}1<ij<g — @ basis of cycles upon C.
@ The period matrices

o= (o), we=(fdu),
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The higher genus curves and functions

Generalising to higher genus Review of higher genus work

Abelian functions associated to curves

We construct:
@ du — a basis of holomorphic differentials upon C.
@ {wj, Bj}1<ij<g — @ basis of cycles upon C.
@ The period matrices

o= (o), we=(fdu),

Let 9t(u) be a meromorphic function of u € C9. Then M(u) is
an Abelian function associated with C if

MU+ win” +wpm’) = M(u),

for all integer vectors n, m € Z where M(u) is defined.
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The higher genus curves and functions

Generalising to higher genus Review of higher genus work

Kleinian g-functions |

For a given (n, s) curve we can define the multivariate
o-function associated to it, (in analogy to the elliptic case).
o=o(U)=o(u1, U, ..., Ug)
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The higher genus curves and functions
Review of higher genus work

Generalising to higher genus

Kleinian g-functions |

For a given (n, s) curve we can define the multivariate
o-function associated to it, (in analogy to the elliptic case).
o=o(U)=o(u1, U, ..., Ug)

Kleinian p-functions
Define the Kleinian p-functions as the second log derivatives.

2

i=———| [ <je{l,2, ..
pl/ auiauj nO'(U), I_IG{ ) & 7g}

They are Abelian functions.

@ Imposing this notation on the elliptic case gives p11 = .
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The higher genus curves and functions

Generalising to higher genus Review of higher genus work

Kleinian g-functions Il

We can extend this notation to higher order derivatives

ok .
Lo - <5<
84
i = ——————— < j< k<
etc.

@ Imposing this notation on the elliptic case would show
o = p111 9" = 1111
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The higher genus curves and functions

Generalising to higher genus Review of higher genus work

Kleinian g-functions Il

We can extend this notation to higher order derivatives

ok .
Lo - <5<
84
i = ——————— < j< k<
etc.

@ Imposing this notation on the elliptic case would show
o = p111 9" = 1111
@ A curve with g = 3 has 6 p; and 10 pjx:

{911, 912, P13, 22, P23, P33}
{@111 ; $2112, £1135 2122, §2123, £133, §2222, §£2223; 2233, @333}
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The higher genus curves and functions
Review of higher genus work

Generalising to higher genus

Hyperelliptic generalisation

A hyperelliptic curve is an algebraic curve y? = f(x) where f is
a polynomial in x of degree n > 4.

Felix Klein
1849-1925

«—

H. F. Baker
1866-1956

—
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The higher genus curves and functions

Generalising to higher genus Review of higher genus work

Some results for the (2,5)-curve

Baker derived many results for the Kleinian p-functions
associated to a (2,5)-curve.

Y2 = X5 4+ Aax* 4+ Aax® 4+ Xox? + Mx + Xg

@ PDEs for the 10 possible ;i - @imn USING pqr of order < 3:

Elliptic case: [0/ (W)]? = 4p(u)® — gop(U) — g3

(2,5)-case:
0300 = 403y + 412022 + 4p11 + Mapso + o
O1200002 = APBap12 + Mapoapiz + 205,

—2p11022 + 3A3P22 + 5\
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The higher genus curves and functions

Generalising to higher genus Review of higher genus work

Some results for the (2,5)-curve

@ PDEs for the 5 possible pjx using pqr of order < 2.

Elliptic case: o (u) = 6p(u)® — 3o
(2,5)-case: 02002 = B35 + 3A3 + Aagzz + 4012

@ Addition formula for the o-function:

o(u+ v)o(u—v)

Elliptic case: — (V) p(u) — p(v)
e OU+V)o(U—V)  o11(U) — poa(U)p21(V)
(2,5)-case: o(u)2a(v)2  +p21(U)p2a(V) — p11(V)
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The higher genus curves and functions

Generalising to higher genus Review of higher genus work

Brief summary of other higher genus work

@ A theory for hyperelliptic curves of arbitrary genus has
been developed by Buchstaber, Enolski and Leykin (1997).

@ A Trigonal curve is an algebraic curve with equation
y® = f(x), where f is of degree n > 4.

Considerable work has been completed for the (3,4) and
(3,5)-curves by Baldwin, Eilbeck, Enolski, Gibbons,
Matsutani, Onishi and Previato.
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The higher genus curves and functions

Generalising to higher genus Review of higher genus work

Brief summary of other higher genus work

@ A theory for hyperelliptic curves of arbitrary genus has
been developed by Buchstaber, Enolski and Leykin (1997).

@ A Trigonal curve is an algebraic curve with equation
y® = f(x), where f is of degree n > 4.

Considerable work has been completed for the (3,4) and
(3,5)-curves by Baldwin, Eilbeck, Enolski, Gibbons,
Matsutani, Onishi and Previato.

@ Work is ongoing on a matrix formulation of the differential
equations satisfied by p-functions. Recent progress in this
area by Chris Athorne has seen the use of representation
theory to give relations for hyperelliptic p-functions in
covariant form.
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The higher genus curves and functions

Generalising to higher genus Review of higher genus work

Applications in integrable systems

In the elliptic case it is well know that p(u) could be used in the
solution of a number of nonlinear wave equations.

@ Example: The function
W(x,t) = Ap(x —ct) + B
gives a travelling wave solution for the KdV equation
Wi + 12WWy + Wy =0
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The higher genus curves and functions

Generalising to higher genus Review of higher genus work

Applications in integrable systems

In the elliptic case it is well know that p(u) could be used in the
solution of a number of nonlinear wave equations.

@ Example: The function
W(x,t) = Ap(x —ct) + B
gives a travelling wave solution for the KdV equation
Wi + 12WWy + Wy =0

Higher genus Kleinian functions can also be shown to solve
nonlinear wave equations.

@ Example: Rescaling the function o33, associated to the
(3,4)-curve, gives a solution to the Boussinesq equation.
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The cyclic (4,5)-curve
The sigma-function expansion
Abelian functions associated with a genus six tetragonal curve Generating relations satisfied by the Abelian functions

Outline

e Abelian functions associated with a genus six tetragonal
curve
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The cyclic (4,5)-curve
The sigma-function expansion
Abelian functions associated with a genus six tetragonal curve Generating relations satisfied by the Abelian functions

The cyclic (4,5)-curve

| have been working on the first tetragonal case, using the
cyclic (4,5)-curve, which has genus g = 6.

Y =X 4+ Aax* 4+ 23x2 4+ Xox® + Mx + Ao
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The cyclic (4,5)-curve
The sigma-function expansion
Abelian functions associated with a genus six tetragonal curve Generating relations satisfied by the Abelian functions

The cyclic (4,5)-curve

| have been working on the first tetragonal case, using the
cyclic (4,5)-curve, which has genus g = 6.

Y =X 4+ Aax* 4+ 23x2 4+ Xox® + Mx + Ao

For every (n, s)-curve we can define a set of Sato weights that
render all equations in the theory homogeneous.

@ For the (4,5) curve they are given by

X Yy U U U3 Ug Us U X A3 Ao A Ao
4 511 7 6 3 2 1 4 -8 -12 -16 -20
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The cyclic (4,5)-curve
The sigma-function expansion
Abelian functions associated with a genus six tetragonal curve Generating relations satisfied by the Abelian functions

The cyclic (4,5)-curve

| have been working on the first tetragonal case, using the
cyclic (4,5)-curve, which has genus g = 6.

Y= x4 xt £ 3x3 F ox® £ Nx+ X
Example: Wt(A3x3)=—8 4 3(—4) = —20

For every (n, s)-curve we can define a set of Sato weights that
render all equations in the theory homogeneous.

@ For the (4,5) curve they are given by

X 'y u U Uz Usy Us U A4 Az Ao A )\o
4 511 7 6 3 2 1 -4 -8 -12 -16 -20
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The cyclic (4,5)-curve
The sigma-function expansion
Abelian functions associated with a genus six tetragonal curve Generating relations satisfied by the Abelian functions

The sigma-function expansion

@ We want to construct a power series expansion for o(u).

@ This will be a multivariate expansion in the variables
u = (uy, U, Us, Uy, Us, Ug). It will also depend on the curve
coefficients, {)\4, A3, Ao, A1, )\0}.

Matthew England Abelian Function Theory



The cyclic (4,5)-curve
The sigma-function expansion
Abelian functions associated with a genus six tetragonal curve Generating relations satisfied by the Abelian functions

The sigma-function expansion

@ We want to construct a power series expansion for o(u).

@ This will be a multivariate expansion in the variables
u = (uy, U, Us, Uy, Us, Ug). It will also depend on the curve
coefficients, {)\4, A3, Ao, A1, )\0}.

@ In 1999 Buchstaber, Enolski and Leykin showed that the
canonical limit of the sigma function associated to an
(n, s)-curve, was equal to the Schur-Weierstrass
polynomial generated by (n,s).

o(u; ) o o(u;0) = SWy s
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The cyclic (4,5)-curve
The sigma-function expansion
Abelian functions associated with a genus six tetragonal curve Generating relations satisfied by the Abelian functions

The sigma-function expansion Il

For the (4,5)-curve we calculate
SWis = grgmesgUe® + 55 USUBUL — 15 Ug Ut — 15 UL UsUs — & UsUsUs Ug
— Sudu — Ul U + L uBud + Busudus — 2u2 UsUsUs — LS Ug
2030008 — atB + UL — sy BUE — s UL + g UB
+ Ut + JUBUB — SUsUR + pygeg UL Us + UsUsUB UL + SUS
+ 2 UsUslUp + ¢ Us?Ug*Up + 75 Us®UnUs — 5 Us2UsPUp + § Us®U®Us®

— 1§ U42U6U54 — 3176 U54U4Ue4 + UgUglUy — U52U1

@ Each term has weight +15.
@ Hence, for the (4,5)-curve, o(u) has weight +15.

Matthew England Abelian Function Theory




The cyclic (4,5)-curve
The sigma-function expansion
Abelian functions associated with a genus six tetragonal curve Generating relations satisfied by the Abelian functions

The sigma-function expansion Il

The o-expansion has weight +15, and contains u; and J;.
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The cyclic (4,5)-curve
The sigma-function expansion
Abelian functions associated with a genus six tetragonal curve Generating relations satisfied by the Abelian functions

The sigma-function expansion Il

The o-expansion has weight +15, and contains u; and );. Write
the expansion as

o(u) = Ci5 + Cig + Co3 + ... + Cys4an + ..

where each Cx has weight k in the u; and (15 — k) in the \;.
We have Ci5 = SW475.
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The cyclic (4,5)-curve
The sigma-function expansion
Abelian functions associated with a genus six tetragonal curve Generating relations satisfied by the Abelian functions

The sigma-function expansion Il

The o-expansion has weight +15, and contains u; and );. Write
the expansion as

o(u) = Ci5 + Cig + Co3 + ... + Cys4an + ..

where each Cx has weight k in the u; and (15 — k) in the \;.
We have Ci5 = SW, 5. Find the other Cy in turn by:

@ Identifying the possible terms — those with correct weight.
© Form the sigma function with unidentified coefficients.
© Determine coefficients by satisfying known properties.
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The cyclic (4,5)-curve
The sigma-function expansion

Abelian functions associated with a genus six tetragonal curve Generating relations satisfied by the Abelian functions

Heavy use of
Maple!

Used Distributed Maple
on cluster of machines

Polynomial | # Terms
Cig 50

Co7 386

Css 2193
Cus 8463

Cs1 28359
Cs9* 81832

+ # possible terms = 120964
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The cyclic (4,5)-curve
The sigma-function expansion
Abelian functions associated with a genus six tetragonal curve Generating relations satisfied by the Abelian functions

Distributed Maple

@ Distributed Maple is a software package for running
parallel programs in Maple on a group of Linux machines.

@ It allows the user to create concurrent tasks, and have
them executed by Maple kernels running on different
machines in the network.

@ It was developed by Wolfgang Schreiner (RISC, Linz)

@ The software and manual can be downloaded for free at

www.risc.uni-linz.ac.at/software/distmaple/
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The cyclic (4,5)-curve
The sigma-function expansion
Abelian functions associated with a genus six tetragonal curve Generating relations satisfied by the Abelian functions

The Q-functions |

@ The o-function expansion was constructed in tandem with
a set of PDEs satisfied by the Abelian functions.

@ These were derived systematically through the
construction of a basis for the simplest class of Abelian
functions.

Matthew England Abelian Function Theory



The cyclic (4,5)-curve
The sigma-function expansion
Abelian functions associated with a genus six tetragonal curve Generating relations satisfied by the Abelian functions

The Q-functions |

@ The o-function expansion was constructed in tandem with
a set of PDEs satisfied by the Abelian functions.

@ These were derived systematically through the
construction of a basis for the simplest class of Abelian
functions.

@ But to complete this basis we required an additional class
of Abelian functions — the Q-functions.
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The cyclic (4,5)-curve
The sigma-function expansion
Abelian functions associated with a genus six tetragonal curve Generating relations satisfied by the Abelian functions

The Q-functions I

Hirota’s bilinear operator is defined as A; = ?J =

It is then simple to check that

p,’l‘(U) = —z'(1u)2A,'AjU(U)U(V)

i<je{l,...,6}.
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The cyclic (4,5)-curve
The sigma-function expansion
Abelian functions associated with a genus six tetragonal curve Generating relations satisfied by the Abelian functions

The Q-functions I

Hirota’s bilinear operator is defined as A; = 9 —.
au; oV,
It is then simple to check that

1

KJij(u) = _WAiAja(u)U(v) i<je {1,...76}.

v=u

We extend this to define the n-index Q-functions (for n even).

e 5D A A A
Q[1 7[27“"/"(‘1) = 20_(u)2 A/1 AIQAIHU(U)U(V) veu

i <..<ihef{l,...,8}
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The cyclic (4,5)-curve
The sigma-function expansion
Abelian functions associated with a genus six tetragonal curve Generating relations satisfied by the Abelian functions

The Q-functions Il

The Q-functions can be written using e-functions. For example,

Qike = ijke — 290kt — 20ikPje — 2QiePjk-

Qijkimn = Qijkimn — 2 ( [Qiirimn + ik©jimn + QiQjkmn + Pim©jkin

+ K)inpjk/m} + [@jk Pilmn + QjiPikmn + ©jmPikin + @jn@ik/m]
+ [@kl@ijmn + PkmPijin + Bokn@ijlm] + [@Im@ijkn + @ln@ijkm]

+ @mn@ijkl) + 4([@ijm/@mn + PijPkmPIn + QijPknPIm)

+ [pik@jiomn + Qik@jm©Pn + Pikjnoim| + [PiPkPEmn
+ Pipim©kn + PiPnEkm] + [CimPkPIn + Qim©jiPkn

+ PimPineK] + [PinjkPIm + Qin®jivkm + PinPjm©K] )
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The cyclic (4,5)-curve
The sigma-function expansion
Abelian functions associated with a genus six tetragonal curve Generating relations satisfied by the Abelian functions

New results for the (4,5)-curve |

New results we have derived for the (4,5)-curve include:

@ A basis for Abelian functions associated to the (4,5)-curve,
with poles of order at most 2.
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The cyclic (4,5)-curve
The sigma-function expansion
Abelian functions associated with a genus six tetragonal curve Generating relations satisfied by the Abelian functions

New results for the (4,5)-curve |

New results we have derived for the (4,5)-curve include:

@ A basis for Abelian functions associated to the (4,5)-curve,
with poles of order at most 2.

@ A set of equations that express other such functions using
a linear combinations of the basis entries. For example,

Qss56 = 4036 + 456 \a
Qse6666 = 205036 — 40564

1 1 1
Qi35 = 5 Qoo3s + Qi3se + 7 Qusss Ao — 5 Qo3ss

— ©45Aa A2 + P15A3
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The cyclic (4,5)-curve
The sigma-function expansion
Abelian functions associated with a genus six tetragonal curve Generating relations satisfied by the Abelian functions

New results for the (4,5)-curve |l

@ A complete set of PDEs that express the 4-index
p-functions, using Abelian functions of order at most 2.
(4) 666 = Bgs — 355 + 4
(3) 5666 = 62566066 — 29045

(20) o336 = 49023036 + 20266233 + BP16A3 — 2055\ 1
+ 2352 + 8p1pp26 — 201356 + 413656
+ 415036 + 4016535 — 201266 + 4012666

These are generalisations of the elliptic PDE:
0" (u) = 6p(u)® - g2




The cyclic (4,5)-curve
The sigma-function expansion
Abelian functions associated with a genus six tetragonal curve Generating relations satisfied by the Abelian functions

New results for the (4,5)-curve Il

@ PDEs to express the product of two 3-index g-functions,
using Abelian functions of order at most 3

(-6) 0es = 485 — 792 + 4pastes — 855066
— 4peeNs + 4044 + 205566,
(-7)  pse60666 = 4036656 + 204656 — P55056
— 2045066 + 236,
These are generalisations of the elliptic PDE:
[¢/ (u)]? = 4p(u)® — gop(u) — g3
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The cyclic (4,5)-curve
The sigma-function expansion
Abelian functions associated with a genus six tetragonal curve Generating relations satisfied by the Abelian functions

New results for the (4,5)-curve Il

@ PDEs to express the product of two 3-index g-functions,
using Abelian functions of order at most 3

(-6) 0es = 485 — 792 + 4pastes — 855066
— 4peeNs + 4044 + 205566,
(-7)  pse60666 = 4036656 + 204656 — P55056

— 2045066 + 236,

These are generalisations of the elliptic PDE:

[¢'(U)]? = 4p(u)® — gep(u) — g3
@ A set of relations that are bi-linear in the 2-index and
3-index p-functions.
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The cyclic (4,5)-curve
The sigma-function expansion
Abelian functions associated with a genus six tetragonal curve Generating relations satisfied by the Abelian functions

New results for the (4,5)-curve IV

@ A solution to the Jacobi Inversion Problem for this case.
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The cyclic (4,5)-curve
The sigma-function expansion
Abelian functions associated with a genus six tetragonal curve Generating relations satisfied by the Abelian functions

New results for the (4,5)-curve IV

@ A solution to the Jacobi Inversion Problem for this case.

@ A two-term addition formula similar to that found in lower
genus cases.

o(u+vVv)o(u—v)
a(u)2o(v)?

= f(u,v) —f(v,u)

where f(u, v) is a (quite large) polynomial constructed of
Abelian functions.

flu,v) = 10114466(“) - %04455(V)Q1444(U)
— B55(V) 066 (U)NZN1 + 4paa(V)pas(U)As A1 + ...
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The cyclic (4,5)-curve
The sigma-function expansion
Abelian functions associated with a genus six tetragonal curve Generating relations satisfied by the Abelian functions

Applications in Non-Linear Wave Theory

In the (4,5)-case we proved that pgsss = 6035 — 355 + 4¢46.
Differentiate twice with respect to ug to give:

666666 — 123%6 (pe69666) — 35566 + 4904666
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The cyclic (4,5)-curve
The sigma-function expansion
Abelian functions associated with a genus six tetragonal curve Generating relations satisfied by the Abelian functions

Applications in Non-Linear Wave Theory

In the (4,5)-case we proved that pgsss = 6035 — 355 + 4¢46.
Differentiate twice with respect to ug to give:

666666 — 123%6 (pe69666) — 35566 + 4904666
Let ug = x,us = y,us = tand W(x,y,t) = pgs(U). Then

Wi = 12,2 (WWg) — 3W,, + 4 Wy
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The cyclic (4,5)-curve
The sigma-function expansion
Abelian functions associated with a genus six tetragonal curve Generating relations satisfied by the Abelian functions

Applications in Non-Linear Wave Theory

In the (4,5)-case we proved that pgsss = 6035 — 355 + 4¢46.
Differentiate twice with respect to ug to give:

666666 — 123%6 (pe69666) — 35566 + 4904666
Let ug = x,us = y,us = tand W(x, y,t) = pes(U). Then
Wi = 12,2 (WWg) — 3W,, + 4 Wy
Rearranging gives
[Wiox — 12WWy — 4W;], +3W,, =0

which is a parametrised form of the KP-equation.
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The cyclic (4,5)-curve
The sigma-function expansion
Abelian functions associated with a genus six tetragonal curve Generating relations satisfied by the Abelian functions

Further Reading

@ V.M. Buchstaber, V.Z. Enolski, D.V. Leykin
Kleinian functions, hyperelliptic Jacobians & applications.
Reviews in Math. and Math. Physics, 1997, 10:1-125

[@ J.C. Eilbeck, V.Z. Enolski, S. Matsutani, Y. Onishi and
E. Previato
Abelian Functions For Trigonal Curves Of Genus Three.
Intl. Math. Research Notices, 2007, Art.ID: rnm140

[ M. England and J.C. Eilbeck
Abelian functions associated with a cyclic tetragonal curve
of genus Six.
preprint arXiv:0806.2377v2
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