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Section 1

OUR PROBLEM



" A
The Problem To Be Solved

We aim to determine the satisfiability of
formulae in non-linear real arithmetic.
|.e. to evaluate

X1, IX2, ..., IXn F(X1, X2, ..., Xn)

as either True or False (SAT or UNSAT); where
F(x1, X2, ..., Xn) IS @ formulae In Boolean logic:

m Atoms connected by A (and), v (or), = (not) etc.

whose atoms are polynomial constraints:

m f(x1, x2,...,xn)c0wherecisin{<,> =}andfisa
multivariate polynomial with integer coefficients.



" A
Sidenote: CNF

We also assume that this logical formula is
presented in Conjunctive Normal Form (CNF).

An atom evaluates to true / false.
A literal is either an atom or its negation.

A clause is a disjunction (or) of literals. Il.e.
C=L1V L2V .

A CNF is a conjunction of clauses:
F =C1lL A C2A .

All formulae can be converted to a CNF.



" A
Sidenote: CNF

We also assume that this logical formula is
presented in Conjunctive Normal Form (CNF).

An atom evaluates to true / false.
A literal is either an atom or its negation.

A clause is a disjunction (or) of literals. l.e.
C=L1V L2V .

A CNF is a conjunction of clauses:
F =C1l A C2A .

All formulae can be converted to a CNF. Why CNF?
m Easy to analyse sub-problems.
m Easy to record information for later.



=
Can our problem be solved?

Yes. Inthe 1940s Tarski proved that such
problems can always be solved. In fact, he proved
that the more general problem of Quantifier
Elimination over the reals could be solved.

E.g. solve the problem by computing a sign-
invariant Cylindrical Algebraic Decomposition
(CAD) for all the polynomials involved; evaluate
the formula at the sample point of each cell.

m If evaluates to True on any cell, answer is SAT;
m If evaluates to False on all cells then UNSAT.



Can it REALLY be solved?

The problem is known to be singly exponential —
but there I1s no iImplemented method that achieves
that complexity in general. CAD has complexity
doubly exponential in the number of variables.

Either way — such complexity restricts the scale of
problems that can be tackled!



JE——
Can it REALLY be solved?

The problem is known to be singly exponential —
but there I1s no iImplemented method that achieves
that complexity in general. CAD has complexity
doubly exponential in the number of variables.

Either way — such complexity restricts the scale of
problems that can be tackled!

A sign-invariant CAD for the polynomials can solve
any problems involving those polynomials (any
sign constraints; any logical combination). We
should reduce the computation to what is needed!



Adapting to the Logic

SAT / QE problems involve both algebra and logic.
CAD was developed within the computer algebra
community — historically we ignored the logic.

There have been huge strides in computational
logic over the past 20 years. Until recently these
were ignored by the compute algebra community.



=
Adapting to the Logic

SAT / QE problems involve both algebra and logic.
CAD was developed within the computer algebra
community — historically we ignored the logic.

There have been huge strides in computational
logic over the past 20 years. Until recently these
were ignored by the computer algebra community.

E.g. the Boolean SAT Problem is NP-complete but
modern day SAT solvers routinely solve problem
Instances with tens of thousands of variables over
formulae involving millions of symbols.



Section 2

SAT / SMT



=
SAT not always hard in practice

SAT-Solvers are software dedicated to finding a
solution to the Boolean SAT-Problem.

SAT-solvers today can routinely solve problem
Instances with tens of thousands of variables over
formulae involving millions of symbols.

They are used every day In industry (circuit design,
software verification, scheduling, planning, etc.)

The advance has been over the last 20 years and
followed intensive research.



"
Progress of SAT Solvers

10,000K

Clauses

0K

IK o
1995 1999 2003 2007 2011 2015

Based on a slide from Vijay Ganesh
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Is SAT not a hard problem?

First of all, SAT is still NP-Complete. SAT solvers
do well in practice, but there are still problem
Instances where they fail (encounter worst case).

Next, note that a SAT-problem has only two
possible answers:

m SAT: You need to fine a single assignment of
values to variables that makes the formula true.

m UNSAT: You must check/prove that every
possible assignment of values gives false.

So much harder when the problem is UNSAT!




SAT solvers are impressive

The most important development in SAT solvers
was the 1996 CDCL Algorithm by Marques-Silva
and Sakallah which described how we could
growing the formula with clauses that rule out
Infeasible combinations discovered earlier to make
future search more efficient. This Conflict Driven
Clause Learning is a key motivation for our work.

Summary:. make guesses; learn from errors.

For details on CDCL see 6008CEM Week 9 Lecture.



.
From SAT to SMT

The success of SAT solvers led researchers to try
and apply these ideas In other domains.

A Satisfiability Modulo Theory (SMT) Problem is
a SAT Problem where the atoms are not Boolean
variables. Instead they are statements in different
theories that evaluate to a Boolean.

An SMT-Solver then loops to:

m Find solution to Boolean skeleton (with SAT solver).
m See If the proposed solution is valid in the theory.

m If not, add clause to rule it out and re-search in SAT.




S MT-SO'VG rS Bo(wput formula in CNF
abstraction

Boolean Skeleton

!
SAT SOLVER

SAT \
- New clause to rule out

Set of theory constraints this type of solution

\ UNSAT

THEORY
SOLVER

b

¥\
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SMT Example 1/3

Consider the following where v Is a real number:
R: ( v*v>10 V v+1>3) A (v*v<=10 V v<1)

An SMT Problem over the theory
of non-linear real arithmetic.



=
SMT Example 1/3

Consider the following where v Is a real number:
R: ( v*v>10 V v+1>3) A (v*v<=10 V v<1)

An SMT Problem over the theory X = v¥v>10
of non-linear real arithmetic. Define:  _ 153

Then the problem becomes > = v>=1
B: (X Vy) A (-xV -z)



SMT Example 1/3

Consider the following where v Is a real number:
R: ( v*v>10 V v+1>3) A (v*v<=10 V v<1)

An SMT Problem over the theory X = v¥v>10
of non-linear real arithmetic. Define:

Then the problem becomes
B: (X Vy) A (=X V =z)

y = v+1>3
z = v>=1

This Boolean Skeleton B has a solution
x=T, y=T, z=F butthat is not a valid solution to R
(If z=F then v<1 but then v*v<1 and so x=F).



"
SMT Example 2/3 e

Our problem is where y = v4+15>3
B: (X Vy) A (=X V =z) 7 = y>=1

Not all solutions of B are valid. E.g. SAT solver
suggests x=T, y=T, z=F. Now what?



SMT Example 2/3 e

Our problem is where y = v4+15>3

B: (X Vy) A (-xV -z) z = v>=1

Not all solutions of B are valid. E.g. SAT solver
suggests x=T, y=T, z=F. Now what?

We want SAT solver to try again but not to produce
the same solution. |.e. we want to a solution where
(X ANy AN =z) =XV ayV z

So add this as a clause:

B': (x Vy) A (-XxV az)A(-XVayV z)
Solutions to B' are also solutions to B.



SMT Example 2/3 e

Our problem is where y = v+15>3

B: (X Vy) A (=X V =z) 7 = y>=1

Not all solutions of B are valid. E.g. SAT solver
suggests x=T, y=T, z=F. Now what?

We want SAT solver to try again but not to produce

the same solution. l.e. we want to a solution where

Optionally: notice that the

-(X AN Z) = aX V =z e
_ problem was the combination
So add this as a clause:  ofxandz. Soignorey.

B': (x Vy) A (-XxV az) A (-xV z)
Solutions to B' are also solutions to B.



o
SMT Example 3/3 Cres

Our problem is where y = v+15>3
B: (X Vy) A (=X V =z) 7 = v>=1

But after first round we ask to solve:

B': (x Vy) A (-xV az) A (-xV z).

There were 4 solutions to B but only two solve B':
x=F, y=T, z=T Valid In the theory (e.g. with v=3).
x=F, y=T, z=F Notvalid (If v<1 then v+1<3).



SMT Example 3/3 Cres

Our problem is where y = v+15>3
B: (X Vy) A (=X V =z) 7 = v>=1

But after first round we ask to solve:

B': (x Vy) A (-xV az) A (-xV z).
There were 4 solutions to B but only two solve B':
x=F, y=T, z=T Valid In the theory (e.g. with v=3).
x=F, y=T, z=F Notvalid (If v<1 then v+1<3).

If the SAT solver proposed the second then we
would add clause -(y A =z) = =~y V z

and ask again. The third time we’d get the answer.



SMT: Summary

The idea of an SMT solver is to use:

m SAT solvers to efficiently search the Boolean
possibilities. (The Logic)

m Dedicated domain software to check if the
solutions proposed by SAT solver are valid In

the domain. These are called Theory Solvers.
(For us: the Algebra)



Section 3

SMT WITH
CAD AS THEORY SOLVER



SMT for Non-linear Real Arithmetic

So we will use SAT-solver solve to find solutions

which are consistent with the logic of our problem
and then a theory solver to see Iif those solutions

are valid in the theory (the algebra).

(Q) What to use as theory solver?

(A) All the various algorithms developed In
computer algebra, e.qg. virtual term substitution,
comprehensive Groebner bases, Fourier-Motzkin
Elimination and if all else fails...



JE
SMT for Non-linear Real Arithmetic

So we will use SAT-solver solve to find solutions

which are consistent with the logic of our problem
and then a theory solver to see Iif those solutions

are valid in the theory (the algebra).

(Q) What to use as theory solver?

(A) All the various algorithms developed In
computer algebra, e.qg. virtual term substitution,
comprehensive Groebner bases, Fourier-Motzkin
Elimination and if all else falls...

Cylindrical Algebraic Decomposition!



SMT with CAD vs CAD alone

The theory solver would commonly only be querying a
small subset of the total number of constraints.

E.g. Consider problem with Boolean skeleton

B: (X Vy) A (XV -z)

A solution is given by x=True with y and z anything.
So if the theory solver can confirm x=True is possible

with whatever the polynomial constraint x is, then we
need never consider the algebra of y and z.

Even for an UNSAT problem this approach could allow
us to reach the conclusion by studying multiple smaller
problems rather than the whole problem — easier.



=
SMT Compliance

When using SMT with CAD as Theory Solver we
end up querying multiple related CADs as part of
the SMT loop. This has the potential to be very
Inefficient in repeating the same computations (i.e.
same projection operations and root isolations).
Particularly for a CAD which is UNSAT where we
end up building large CADs (but we only realise
the need for this gradually).

We need a CAD implementation which avoids this
potential inefficiency. Such an implementation is
called SMT-compliant.



=
SMT-Compliant CAD 1

For SMT with CAD to be efficient the CAD
Implementation must be SMT-compliant:

1. Incremental: Given a sign-invariant CAD for a
set of polynomials and a new polynomial we
must be able to refine the CAD so it is sign
iInvariant for that one also reusing as much of
the previous computation as possible.

2. Backtracking: Given a sign-invariant CAD for
a set of polynomials can we remove a
polynomial and modify the CAD accordingly
(merge cells that no longer need be divided).



SMT-Compliant CAD 1

For SMT with CAD to be efficient the CAD
Implementation must be SMT-compliant:

1. Incremental: Given a truth-invariant CAD for a
set of constraints and a new constraint we must
be able to refine the CAD so it is truth invariant
for that one also reusing as much of the
previous computation as possible.

2. Backtracking: Given a truth-invariant CAD for
a set of constraints can we remove a constraint
and modify the CAD accordingly (i.e. merge
cells that no longer need be divided).



SMT-Compliant CAD 2

Is backtracking necessary? A CAD that is sign
iInvariant for polynomials {f1, ..., fn, g} is
automatically sign invariant for {f1, ..., fn}

m Backtracking clearly has an overhead cost.

m But will likely produce savings later (for future
Incrementations). Why? The more polynomials
we have, the more intersections, the more
algebraic number computations, and more future
growth of both.




SMT-Compliant CAD 3

There is a third requirement for a CAD to be SMT-
Compliant:

1. Explanations: When UNSAT the CAD must
Inform the SAT solver of a new clause. l.e. the
combination of constraints that is unsatisfiable.
It IS better for the SAT solver If this Is a subset
of the constraints studied. Ideally the minimal
unsatisfiable subset (the UNSAT Core).



Does there exist an SMT-
Compliant CAD implementation?

There is only one (that | know of):

SMT-RAT developed at RWTH Aachen by Prof
Erika Abraham and her students. Detailed here:

Gereon Kremer and Erika Abraham. 2020. Fully incremental
cylindrical algebraic decomposition. J. Symb. Comput. 100,
pages 11-37. DOI: https://doi.org/10.1016/}.jsc.2019.07.018

Kremer finished PhD and started postdoc with
CVC4 team: so | expect they may have their own
SMT-compliant implementation fairly soon.


https://doi.org/10.1016/j.jsc.2019.07.018

=
Other SMT-Compliant CAD?

There are lots of other CAD implementations:
Qepcad, Mathematica, Redlog, Maple (at least 3
different CAD implementations), but none of them
are SMT-compliant. Amir will build an SMT-
compliant CAD in Maple soon!



Other SMT-Compliant CAD?

There are lots of other CAD implementations:
Qepcad, Mathematica, Redlog, Maple (at least 3
different CAD implementations), but none of them
are SMT-compliant. Amir will build an SMT-
compliant CAD in Maple soon!

Hypothesis: Amir's CAD will be quicker than the
one in SMT-RAT. Why? CAD uses complex sub-
algorithms (e.g. factorisation, root isolation,
resultants) for which Maple has excellent
Implementations. l.e. easier to bring SMT into
Maple than it is to bring algebra into SMT.



Section 4

CAD-ISH THEORY SOLVERS



Summary So Far

To solve our problem we can use the SMT
paradigm with CAD as theory solver.

m \We may solve SAT problems quicker than CAD
alone by identifying redundancy in the logic.

m S0 long as the CAD is SMT-compliant it
shouldn’t be much worse than plain CAD for
UNSAT problems.

But can we do better still?



=
Early Termination for SAT

For problems whose solution is SAT we only need
a single satisfying instance. A CAD provides far
more (even if CAD for a subset of constraints).

m \We can terminate CAD computation early as
soon as we find a cell whose sample point
satisfies the constraints.

m But to get to the point of cell construction we
must have done full projection and a lot of lifting!

The success of SAT solvers is based on intelligent
search to find a SAT witness quickly. CAD as
theory solver doesn’t feel aligned to this.



Consistency vs Satisfiability

Also, we are now solving a different problem.
Original problem was to decide satisfiability of

Ix1, X2, ..., IXn F(x1, X2, ..., Xn)

(l.e. Is It SAT or UNSAT); where F(x1, x2, ..., Xxn) IS
a formulae in Boolean logic whose atoms are
polynomial constraints.

The problem that goes into CAD as Theory Solver
IS simpler: it is to decide the consistency of a set
of polynomial constraints. l.e. the case where F is
simply a conjunction of atoms. The SAT-solver
takes care of the rest of the logic.



CAD-ish algorithms

This spurred the development of new algorithms
that have similarities with CAD but actually
produce something different to better support the
early termination:

m NLSAT / MCSAT (Jovanovi¢ and De Moura)
m NuCAD (Brown)

m CDCAD (Abraham, Davenport, England,
Kremer)

Sidenote to Amir: We'd really like all these
Implemented in Maple as part of your CAD work!



NLSAT

Publisheo

Partial so

In 2012 and used in Z3.

utions for the Boolean skeleton and the

algebraic theory are built in parallel until either a
solution is found or conflict detected. Theory
conflicts generalised to a single CAD cell (the cell
around the point where the polynomials are sign
iInvariant) and this is expressed as a new clause.
D. Jovanovi¢, L. De Moura. Solving non-linear arithmetic. Proc.

IJCAR 2012,

pages, 339-354, 2012.

DOI: https://dol.org/10.1007/978-3-642-31365-3 27

Led to work on various single cell CAD algorithms.


https://doi.org/10.1007/978-3-642-31365-3_27

W
Non-uniform CAD

Published 2015:; used in Tarski.

Produces decomposition truth
Invariant for constraints. The
iIndividual cells are cylindrical
(l.e. triangular formula) but the

overall o

Start wit
New cel
Pick cell
cell only

ecomposition Is not.
n single cell and refine for one constraint.

s where constraint is False marked as final.
and refine with additional constraint. True
marked final Iif refined with all constraints.

C.W. Brown. Open non-uniform cylindrical algebraic
decompositions. Proc. ISSAC 2015, pages 85-92.
https://doi.org/10.1145/2755996.2756654



https://doi.org/10.1145/2755996.2756654

Section 5

CDCAC



Finally...

Finally talk about CDCAC: Conflict Driven
Cylindrical Algebraic Covering. Algorithm to
use as Theory Solver instead of CAD.

Cells are built incrementally until either a satisfying
sample point found, or we have a covering:

m Covering (instead of Decomposition): I.e. the
cells may overlap each other.

m But note that the cells are both individually
cylindrical and arranged cylindrically.

m Search is guided away from past conflicts.




CDCAC Background

m Published in 2020.

m From 2018 collaboration between myself,
James Davenport (Bath) and Erika
Abraham (Aachen) and Gereon Kremer
(was Aachen, now Stanford).

m Implemented in SMT-RAT

Deciding the consistency of non-linear real arithmetic constraints
with a conflict driven search using cylindrical algebraic coverings
JLAMP 119, pages 2352-2208. DOI:
https://doi.org/10.1016/].jlamp.2020.100633



https://doi.org/10.1016/j.jlamp.2020.100633

W
Basic |ldea

Pick sample at lowest level (i.e. variable ordering).

Extend it to increasingly higher dimensions in
reference to those constraints made univariate.

If all constraints satisfied then conclude SAT.
If we find a constraint cannot satisfied we generalise

t
t
t

ne reason using CAD projection to rule out more
nan just the current sample. A cell is constructed In

ne current dimension.

Continue searching in that dimension (outside cell).

Create UNSAT cells in dimension until covering.
Generalise to rule out cell in dimension below.

Conclude UNSAT when covering lowest dimension.
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Simple 2D Example

" SAT in white regions.
Choose x=0.

Cannot choose y to satisfy
all three constraints.

Conflict given by c1 and c3 (i.e. ignore c2).
CAD projection on these two gives resultant.

Resultant has roots at x=-2 and x=+3. So UNSAT
cell in (-2,3). Next sample outside this.

Any X outside this can be extended to an (x,y) that
satisfies all three constraints.

Cy: 4-_'r'-=:.";':--4. i 4-_'r':=-4--|_.=.'—]f':. 3: 4-y=x42.



A conflict-driven adaption of CAD

RWTHAACHEN
UNIVERSITY [N, ple

c3:4d-y>x+2

Gereon Kremer | RWTH Aachen University / Stanford University | July 14th, 2020



A conflict-driven adaption of CAD

RWTHAACHEN
UNIVERSITY [N, ple

cl:4~y<x2—4 (:2:4-y>4—(9c—1)2 c3:4-y>xc+2

No constraint for x
Guess z — 0

C3

N
!

\]

Gereon Kremer | RWTH Aachen University / Stanford University | July 14th, 2020



A conflict-driven adaption of CAD

RWTHAACHEN
UNIVERSITY [N, ple

cl:4~y<x2—4 (:2:4-y>4—(9c—1)2 c3:4-y>xc+2

No constraint for x
Guess z — 0

L=y ¢ (—1,00)

C3

N
!

\]

Gereon Kremer | RWTH Aachen University / Stanford University | July 14th, 2020



A conflict-driven adaption of CAD

RWTHAACHEN
UNIVERSITY [N, ple

cl:4~y<x2—4 (:2:4-y>4—(9c—1)2 c3:4-y>xc+2

No constraint for x
Guess z — 0
clL—=Y ¢ <_17 OO)

e co =y & (—00,0.75)

N
!

\]

Gereon Kremer | RWTH Aachen University / Stanford University | July 14th, 2020



A conflict-driven adaption of CAD

RWTHAACHEN
UNIVERSITY [N, ple

cl:4~y<x2—4 (:2:4-y>4—(aﬂ—1)2 c3:4-y>xc+2

No constraint for x
Guess . +— 0

1T —Y ¢ <_17 OO)

c2 =y & (—00,0.75)
c3 =y & (—00,0.5)

Gereon Kremer | RWTH Aachen University / Stanford University | July 14th, 2020



A conflict-driven adaption of CAD

RWTHAACHEN
UNIVERSITY [N, ple

cl:4~y<x2—4 (:2:4-y>4—(aﬂ—1)2 c3:4-y>xc+2

No constraint for x

Guess z +— 0

L=y ¢ <_17 OO)

c2 =y & (—00,0.75)

c3 =y & (—00,0.5)

Construct covering
(—00,0.5), (-1, 00)

Gereon Kremer | RWTH Aachen University / Stanford University | July 14th, 2020



A conflict-driven adaption of CAD

An example
01:4'y<x2—4 02:4-y>4—(3:—1)2 cs3:d-y>x+2
No constraint for x
Y / Guess 2 — 0
% c1 =y & (—1,00)
co =y & (—00,0.75)
c3 =y & (—00,0.5)

Construct covering
(—00,0.5), (=1, 00)

N

Gereon Kremer | RWTH Aachen University / Stanford University | July 14th, 2020



A conflict-driven adaption of CAD

An example
ci4-y<at-—4 co:d-y>4—(x—1)> c3:4d-y>x+2

No constraint for x
Y / Guess x +— 0
% g —yé(—1,00)
co =y & (—00,0.75)
c3 =y & (—00,0.5)
Construct covering
(—00,0.5), (=1, 00)
Construct interval for x

x & (-2,3)

N

Gereon Kremer | RWTH Aachen University / Stanford University | July 14th, 2020



A conflict-driven adaption of CAD

An example
ci4-y<at-—4 co:d-y>4—(x—1)> c3:4d-y>x+2

No constraint for x
VA

‘ Y Guess = +— 0
\L % =y ¢ (=100

1 co =y & (—00,0.75)
\ . B & (—00,0.5)

> Construct covering
. 4 (—0,05),(~1,00)
- Construct interval for x
z & (-2,3)

New guess for x

(\V]

—

C2

Gereon Kremer | RWTH Aachen University / Stanford University | July 14th, 2020
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UNSAT 2D Example

\\\
3

4

/_

:
D

Our aim for this example is to determine the satisfiability for the conjunction of the following five constraints:

cr:y>(—x—3)"T—(—x—3)1"—1 C2:2-y <Xx—2 c3:2-y>1—x

C4:3-y<—X—2 syt >x—2)"—x—2)1°—-1

Example constructed: c1 and c5 are
complicated, but we don’t need to consider their
Interaction (degree 33 resultant) to prove UNSAT.



UNSAT 2D Example Flow

Choose x=0. Cannot extend into y. Conflict
between c2 and ¢c3. Rule out x in (-2.30, 1.30).

Choose x=2. Cannot extend into y. Conflict
between c4 and ¢c5. Rule out xin (1.19, 3.18)

Choose x=4. Cannot extend into y. Conflict
between c4 and c5. Rule out (3.18, +infinity).

Choose x=-3. Cannot extend into y. Conflict
between cl1 and c2. Rule out x in (-infinity, -2.06)

Now have covering of X. Never consider c1 and
c5 together!



=
Worked Example Conclusions

he worked examples show clearly that
CDCAC can allow for far less computation
than CAD, even an SMT-compliant CAD for
both SAT and UNSAT examples.

(Q) So why have Amir build a CAD now?

(A) CAD can be used for full QE problems
where as CDCAC just for deciding
consistency of constraints.



Comparison with NuCAD

CDCAC shares similarities with NuCAD and
NLSAT but is different to both:

m In NUCAD there Is no guidance as to which cell
to refine next where as CDCAC drives the
search based on conflict. This should make
CDCAC more efficient on average.

m But note that NUCAD can be adapted to QE
(some considerable work).

m But no experimental comparison — NuCAD not
Implemented in SMT-RAT.



=
Comparison with NLSAT

NLSAT Is also driven by conflict: but the learning
from the conflict is done by the SAT solver
(clauses added to the skeleton). With CDCAC the
learning Is part of the theory search.

Both implemented in SMT-RAT for paper. NLSAT
outperformed In experiments overall.

In 2020 Gereon implemented CDCAC in CVC4.
experiments with that (just) outperformed the
NLSAT implementation in yices (current SMP
competition champion). [ICMS 2020 Talk]
Which is better: jury still out.



=
Potential for Hybrid Solver

NLSAT and CDCAD perform very differently on a
substantial amount of harder problem instances.
No problem instance solved by both solvers after
more than 20 seconds, but both solvers can solve
such problem instances that the other cannot.

- 555 problems on which CDCAC times out but
NLSAT completes

- 358 problems for which NLSAT times out and
CDCAC completes.

Can we build a hybrid solver and use ML to pick
whether to use NLSAT or CDCAC for a problem?



=
See paper If you want...

m Full algorithm descriptions.
m A worked 3D example.
m Full experimental results.



A conflict-driven adaption of CAD

CHEN
UNIVERSITY [y /g algorithm

function get_unsat_cover((si,...,8;—1))

I := get_unsat_intervals(s)

while [ J;.; I # R do

s; := sample_outside([])

if i = n then return (SAT, (s1,...,8,-1,5i))
(f,0) := get_unsat_cover((s1,...,Si-1,5;))
if / = SAT then return (SAT.O)

else if f = UNSAT then

R := construct_characterization((sy,...,S8;—1,58;),0)
J := interval_from_characterization((sy,...,s;—1),si, R)
I:=1TU{J}

return (UNSAT, ])

Gereon Kremer | RWTH Aachen University / Stanford University | July 14th, 2020



A conflict-driven adaption of CAD

UNIVERSITY [y /g algorithm

function get_unsat_cover((si,...,si—1))
Real root isolation over
I := get_unsat_intervals(s) a partial sample point
while [ J;.; I # R do
s; := sample_outside([])
if i = n then return (SAT, (s1,...,8,-1,5i))
(f,0) := get_unsat_cover((s1,...,Si-1,5;))
if / = SAT then return (SAT.O)
else if f = UNSAT then

R := construct_characterization((sy,...,S8;—1,58;),0)
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A conflict-driven adaption of CAD

RWTHAACHEN
UNIVERSITY construct_characterization

31y
Identify region around sample
| e CAD projection:

> 2%%
~2 Discriminants (and coefficients)
D——1

_9 —M <2 Improvement over CAD:
Resultants between neighbouring

intervals only!
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A conflict-driven adaption of CAD

RWTHAACHEN
UNIVERSITY Experiments

First implemented in SMT-RAT

» Preliminary implementation (no incrementality, no optimizations)

» Easily outperforms regular CAD (from [Kremer et al. 2020])

Second implementation in CVC4
> Work in progress
» Used when linear solving insufficient

» Outperforms currently best solver (yices)

Solver SAT UNSAT overall

CVC4 (without CAC) 2148 3268 5416 47.1%
cved (CAQ) 4990 5369 10359 90.1%
yices (NLSAT) 4904 5437 10341 90.0%
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