
Implementation of Advanced Algorithms of Cylindrical
Algebraic Decomposition in Maple

AmirHosein Sadeghimanesh
(Joint work with Matthew England)

Coventry University

a.h.sadeghimanesh@gmail.com
ad6397@coventry.ac.uk

Maple Conference 2021
Authors supported by EPSRC grant EP/T015748/1 (The DEWCAD

Project)

1 / 15



Introduction

The question of interest.

Simple CAD approach.

NLSAT approach.

Simple advanced CAD approach.

Comparison.
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The main question

Let x1, . . . , xn be variables, f1, . . . , fm ∈ R[x1, . . . , xn] some polynomials
and ≺1, . . . ,≺m some relations from the set {=, 6=, <,≤, >,≥}.

Consistency:

?
∃(x1, . . . , xn) ∈ Rn such that f1 ≺1 0 ∧ · · · ∧ fm ≺m 0.

SAT:
?
∃(x1, . . . , xn) ∈ Rn such that

∧
i

∨
j

fij ≺ij 0.

QE: containing both ∃ and ∀ and some variables can be unquantified.

Example

?
∃(x , y) ∈ R2 such that x2 + (y + 2)2 > 1 ∧ y > x2 + 1.
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The main question

Visually

x2 + (y + 2)2 > 1 y > x2 + 1
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CAD

In simple words...

Invented by Collins (ref. 4).
Fix an order for the variables x1 < x2 < · · · < xn.

input

polynomials in x1, . . . , xn

1 step projection

��

output

some points in Rn

polynomials in x1, . . . , xn−1

��

...

OO

...

��

some points in R2

OO

polynomials in x1
root isolation // some points in R

1 step lifting

OO
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CAD

Visually

Number of cells grows doubly
exponential in the number of
variables.

Pick up one point from each of
these cells. The answer to our
question is “yes” if and only if
one of these points satisfies the
system.
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CAD

RegularChains
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NLSAT

In simple words...

Invented by Jovanovic and de Moura (ref. [3]).

Instead of generating all cells and sample points at the beginning and
then trying them, produce one sample point at a time and check it
right away.

Each time the new sample point fails, generate a single cell
containing the point with respect to only the polynomials of the
relations that it did not satisfy.

The produced cells may overlap.

If the union of the bad cells covered the whole space, the system is
UNSATisfiable.
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NLSAT

Visually
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NLSAT

Resource comparison
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Simple incremental CAD (ref. 2)

In simple words...

Do the whole projection.

But do not generate all cells and sample points as in the usual CAD.
Instead create a tree of sample points and do this using one
polynomial at a time and extending one leaf of the tree at a time.
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Simple incremental CAD

Visually

The projection polynomials are:
- {y − x2 − 1, x2 + (y + 2)2 − 1} in both x
and y .
- {x − 1, x + 1, x4 + 7x2 + 8} in x .
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Visually
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Simple incremental CAD

Resource comparison
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Future Work

What method is better?

For the example used in this talk eventhough we had not optimized
our implementations yet, both NLSAT and simple incremental CAD
were using less memory and time. Is it always the case? Not
necessarily. How often is it the case?

A more advanced incremental CAD which does not need the
computation of the whole projection step is available in the literature.
It will be added to the package soon.

There are even more approaches out there which needs to be added
to have a better comparison, such as NuCAD, CDCAC etc.

Implementation of backtracking and integration with a SAT solver.
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Thank you for listening.
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