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Algebraic simplification with multi-valued functions |ntY€?du(€thn
Motivating examples

Our approach to the problem

Multi-value

Many of the well known functions in elementary mathematics
(such as the square root and the logarithm) are not actually well
defined mathematical functions but multi-valued functions.

Throughout we use names starting with capitals to represent the
multi-valued functions acting on sets and the normal notation for
single valued counterparts defined on a principal domain:

Sqrt({2}) = {Vv2, -2}
Log( = {log(z) + 2nim|n € Z}
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Algebraic simplification with multi-valued functions

Identities i

Well known identities for multi-valued functions are not usually
universally true. For example, for arbitrary z € C (or even z € R)

@#z.

Instead we need to either consider the relation between set valued
functions or add conditions when using single valued counterparts.

Sart({z%}) = {z,~z}
V22 =z iff R(z) >0V (R(z) = 0AS(2) > 0)

Hence computer algebra systems do not (usually) perform (safe)
simplification with these identities.
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Algebraic simplification with multi-valued functions

Identities i

Well known identities for multi-valued functions are not usually
universally true. For example, for arbitrary z € C (or even z € R)

@#z.

Instead we need to either consider the relation between set valued
functions or add conditions when using single valued counterparts.

Sart({z°}) = {z, —z}
Vz2 = 7 csgn(z)

Hence computer algebra systems do not (usually) perform (safe)
simplification with these identities.
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Branch c

A branch cut is a curve in the
complex plane such that it is
possible to define a single
analytic branch of a
multi-valued function on the
plane minus that curve.
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Algebraic simplification with multi-valued functions

A branch cut is a curve in the
complex plane such that it is
possible to define a single
analytic branch of a
multi-valued function on the
plane minus that curve.

Most computer algebra systems deal with multi-valued functions
by working with their single valued counterparts. In this case, the
branch cuts are lines over which the function is discontinuous.
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Algebraic simplification with multi-valued functions

Branch cut

A branch cut is a curve in the 2
complex plane such that it is
possible to define a single
analytic branch of a T T i B2 E
multi-valued function on the 1] |
plane minus that curve.

Most computer algebra systems deal with multi-valued functions
by working with their single valued counterparts. In this case, the
branch cuts are lines over which the function is discontinuous.
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Algebraic simplification with multi-valued functions

We assume some standard definitions for the branch cuts of a set
of functions: usually portions of the real or imaginary axes.

¥ M. Abramowitz and |.A. Stegun
Handbook of mathematical functions.
National Bureau of Standards, 1964.

@ National Institute for Standards and Technology.
The NIST Digital Library of Mathematical Functions, 2010.
http://dlmf.nist.gov

We follow the conventions in M APLE.

Other definitions would lead to different, but not fewer, problems.
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Algebraic simplification with multi-valued functions

Motivating

Consider the identities

V1—zyl+z=+v1-22 (1)
Vz—1Vz+1=+vz?-1. (2)

Identity (1) is true for all z € C while (2) is not. For example when
z = —2 identity (2) evaluates to —/3 = /3.
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Algebraic simplification with multi-valued functions

Plots of the imaginary part of the difference between the two sides
of identities (1) and (2).
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Algebraic simplification with multi-valued functions

In the green regions (2) is true and in the red (2) is false.
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Algebraic simplification with multi-valued functions

Examining

The branch cuts of the terms of identity (2) are shown below.

w3
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Algebraic simplification with multi-valued functions

Examining

Comparing the branch cuts of identity (1) and identity (2).

3 3
2 2
§(2) §(z)
1 1
S3F 0 =2 RAE 40 1 2 3 3 2 -1 O 1 2 3
R(z) R(z)
4 1
2 2
3 3
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Algebraic simplification with multi-valued functions

The behaviour of the previous examples could be easily identified
visually, but other examples can be more subtle.

Kahan considered flow in a slotted strip arriving at

f = 2arccosh (3 + 2Z> — arccosh <5Z+12> .
3 3(z+4)

Is this the same as the supposedly more efficient

g = 2arccosh <2(Z +3) 272(;;_34) ) ?

Here g is obtained from f by applying the addition and duplication
formulae for arccosh.
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The behaviour of the previous examples could be easily identified
visually, but other examples can be more subtle.

Kahan considered flow in a slotted strip arriving at

f = 2arccosh (3 + 2Z> — arccosh <5Z+12> .
3 3(z+4)

Is this the same as the supposedly more efficient

g = 2arccosh <2(Z +3) 272(;;_34) ) ?

Here g is obtained from f by applying the addition and duplication
formulae for arccosh. What about

b —oleg [ V32 HI2VZF3+V2)%),
IR 2Vz+3+/z !
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Algebraic simplification with multi-valued functions

Kahan noted that f = g for all z€ C\ T where T is a small
teardrop shaped region over the real negative axis bounded by the
algebraic curve

I(2)(2R(2) +5) = —(2R(2) + 9)(R(2) + 3)2.

The curve is one of the branch cuts of g, (along with the entire
negative real axis).

Although both f and h have branch cuts their difference is entire
and equal to zero for all z € C.
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Algebraic simplification with multi-valued functions

The team at Bath are motivated by the aim of improving
simplification and zero recognition in computer algebra for the
single valued counterparts of multi-valued functions. We aim to:

o Identify universal results currently missed:
For example identity (1) or f = h for Kahan's functions.

@ Improve conditional simplification for non-universal identities:
For example identity (2) or f = g for Kahan's functions.
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Algebraic simplification with multi-valued functions

We work with the following approach, first suggested by Bradford
and Davenport in 2002. For a proposed identity in single-valued
counterparts to multi-valued functions:

@ Verify the identity is valid for multi-valued functions acting on
sets.

@ Represent the branch cuts involved using semi-algebraic sets.

© Decompose the domain according to these sets using
cylindrical algebraic decomposition (CAD).

@ Test each cell of the decomposition at a sample point to see if
the identity is true.
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Branch cut calculation
Cylindrical algebraic decomposition

Our recent progress Challenges and ongoing work

Identifying

We aim to calculate branch cuts in real space so they are
represented by semi-algebraic sets (SASs).

Calculate the branch cuts of f(z) = log(z? — 1).

@ log has branch cuts along the negative real axis.

o Let x =R(z),y = J(z). Then f has branch cuts when
2xy =0 and x> — y?> — 1 < 0.

It is simple to see this SAS has two sets of solutions:

{y=0,x€(-1,1)} and {x =0,y free}.
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The func

The branch cuts of ln( -1+ ZZJ.

The imaginary part of ln(z2 —1).
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Branch cut calculation
Cylindrical algebraic decomposition

Our recent progress Challenges and ongoing work

Generalising

It is clear such a SAS can be obtained for a multi-valued function
acting on a polynomial. But the approach can be generalised to:

e Combinations of functions (sums, products, relations) by
taking the union of cuts produced individually.

@ Functions whose arguments are radical expressions by using a
de-nesting procedure to give a SAS which implies it.
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Generalisin

It is clear such a SAS can be obtained for a multi-valued function
acting on a polynomial. But the approach can be generalised to:

e Combinations of functions (sums, products, relations) by
taking the union of cuts produced individually.

@ Functions whose arguments are radical expressions by using a
de-nesting procedure to give a SAS which implies it.
Both of these approaches risk introducing spurious cuts: output
which does not correspond to a discontinuity. Details in:

@ M. England, R. Bradford, J.H. Davenport, and D. Wilson.
Understanding Branch Cuts of Expressions.
Proc. CICM 13, (LNCS 7961), pp. 136-151, Springer, 2013.
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In MAPLE 16 branch cut information was limited to knowledge of
the defining cuts of predefined functions.

Untitled (1)* - [Server 1] - Maple 16 AR CIEES
Format T [ she Tools Window Help

B S¢e TPX EE &= MNIOH> & Eax *

; Math Drawing Plot Animation Hide : ‘
C Maple Input ¥ ) | Ludida Sans Type_ ¥ | E Fl = £
A FunctionAdvisor( branch_cuts, log{z) ); =
: [In(z), z=< 0] (1)
B FunctionAdvisor( branch_cuts, 1og(zA3+1) ); =
: [in(£f+ 1), £ < —1] @)

B =
e Ol
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Our recent progress Cylindrical algebraic decomposition
Prog! Challenges and ongoing work

In MAPLE 16 branch cut information was limited to knowledge of
the defining cuts of predefined functions.

Untitled (1)* - [Server 1] - Maple 16
Tools Window Help

Format T [
B S¢e TPX EE &= MNIOH> & Eax *
Math Drawing Plot Animation Hide ;‘

>

1
¥
(_ C Maplelnput ¥ ) ( Lucida Sans Type— ¥ | @a.x Iu E

A FunctionAdvisor( branch_cuts, log{z) );

: [In(z), z= 0]
|+ FunctionAdvisor( branch_cuts, Tog(zA3+1) );
[in(£f+ 1), £ < —1]

=

I

Our implementation uses the defining cuts to calculate SASs for
branch cuts of an expression and then explicit solutions via the

RegularChains CAD algorithm.
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In MAPLE 16 branch cuts information was limited to knowledge of
the defining cuts of predefined functions.

Untited (2} - [Server 2] - Waple 17

Tools Window Help
E e MIOwe ¢ Bxx g %
[Texa]math (G Maplenput  +) (wucida sans Type- ¥ ) (12 %) Tt

S¢ TP X B

[ FunctionAdvisor{ branch_cuts, Tog{z) );
[In(z), z< 0]
= FunctionAdvisor( branch_cuts, log(zA3+1) )3

2 (=) 3
In(Z#+1), z< -1, Sﬂiz]:—M 5(z) S

Riz) = %And v

< 5(z)

4

Our implementation uses the defining cuts to calculate SASs for

branch cuts of an expression and then explicit solutions via the

RegularChains CAD algorithm. This is part of MAPLE 17.
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In MAPLE 16 branch cuts information was limited to knowledge of
the defining cuts of predefined functions.

4

3
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1
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o 9R(z)

Our implementation uses the defining cuts to calculate SASs for
branch cuts of an expression and then explicit solutions via the
RegularChains CAD algorithm. This is part of MAPLE 17.
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Prog! Challenges and ongoing work

The MAPLE package also includes:
@ Procedures to visualise the branch cuts.

@ An extension to calculate the branch cuts of univariate
functions with parameters such as Bessel functions, Chebyshev

polynomials and Jacobi #-functions.
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Our recent progress Challenges and ongoing work

The MAPLE package also includes:

@ Procedures to visualise the branch cuts.

@ An extension to calculate the branch cuts of univariate
functions with parameters such as Bessel functions, Chebyshev
polynomials and Jacobi #-functions.

@ An alternative representation for branch cuts as a (possibly
complex valued and transcendental) function of a parameter
on a real range (as suggested by Dingle and Fateman in 1994)
and algorithms to work with such a representation.
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Branch cut calculation
Cylindrical algebraic decomposition

Our recent progress Challenges and ongoing work

The altern

The alternative representation allows for calculation of functions
whose branch cuts are not semi-algebraic, using MAPLE's generic
solve command to pick an appropriate tool. This is usually
efficient but the branch cuts returned are often less intuitive.
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The alterna

The alternative representation allows for calculation of functions
whose branch cuts are not semi-algebraic, using MAPLE's generic
solve command to pick an appropriate tool. This is usually
efficient but the branch cuts returned are often less intuitive.

It allows for functions with an infinite number of branch cuts:

> FunctionAdvisor(branch_cuts, 1ln(exp(z)) );
The cuts depend on one integer parameter _Z8;
plotting with [_Z8 = -1, _Z8 = 0, _Z8 = 1]

[In(e*), And(z = In(cx) + 2Im_Z8, € RealRange(—o0, Open(0))]
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Branch cuts of In{exp(z))

The imaginary part of In(exp(z))
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@ Cylindrical algebraic decomposition

Matthew England Utilising New CAD Developments for Simplification



Branch cut calculation
Cylindrical algebraic decomposition
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Cylindrical

So the branch cuts of a multi-valued functions acting on a radical
expression may be represented using SASs with one equality and at
most two inequalities. So more generally the branch cuts of an
identity are given by a formula

\/(f,-zO/\gi,l <0Agi2<0).

i
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Cylindrical

So the branch cuts of a multi-valued functions acting on a radical
expression may be represented using SASs with one equality and at
most two inequalities. So more generally the branch cuts of an
identity are given by a formula

\/(f,-zO/\gi,l <0Agi2<0).

i

Such a representation is very suitable for the new TTICAD
algorithm discussed earlier in this session.

@ R. Bradford, J.H. Davenport, M. England, S. McCallum and
D. Wilson.
Cylindrical Algebraic Decompositions of Boolean
Combinations.
Proc. ISSAC 13, pp 125-132, ACM, 2013.
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Returning t

Identity (2) has branch cuts when

(R(2)3(2) = 0 A R(2)°S(2)? < —1)
V(S(z) =0A—R(z) < -1) V (S(2) =0AR(z) < —1).

A TTICAD for this formula with &(z) > R(z) is produced with 21
cells. It is possible to test symbolically at sample points to identify
when (2) is true and when false.
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Returning t

Identity (2) has branch cuts when

(R(2)3(2) = 0 A R(2)°S(2)? < —1)
V(S(z) =0A—R(z) < -1) V (S(2) =0AR(z) < —1).

A TTICAD for this formula with &(z) > R(z) is produced with 21
cells. It is possible to test symbolically at sample points to identify
when (2) is true and when false.

A full sign-invariant CAD for the polynomials used in the formula
above has 29 cells (using the RegularChains implementation in
MAPLE 17) but some of these cells have algebraic sample points
making testing more difficult.
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Returning t

Identity (2) has branch cuts when

(R(2)3(2) = 0 A R(2)°S(2)? < —1)
V(S(z) =0A—R(z) < -1) V (S(2) =0AR(z) < —1).
A TTICAD for this formula with &(z) > R(z) is produced with 21

cells. It is possible to test symbolically at sample points to identify
when (2) is true and when false.

A full sign-invariant CAD for the polynomials used in the formula
above has 29 cells (using the RegularChains implementation in
MAPLE 17) but some of these cells have algebraic sample points
making testing more difficult.

Similarly, identity (1) can be concluded universally true.
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Returning t

Applying the branch cuts implementation to Kahan's identity
f = g currently identifies 7 SASs (describing the real axis split into
5 parts and the top and bottom of the teardrop).

Assuming 3(z) > R(z), a CAD for the polynomials defining the
branch cuts has at least 221 cells using existing approaches in
MAPLE and QEPCAD but only 55 cells using TTICAD.
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Returning t

Applying the branch cuts implementation to Kahan's identity
f = g currently identifies 7 SASs (describing the real axis split into
5 parts and the top and bottom of the teardrop).

Assuming 3(z) > R(z), a CAD for the polynomials defining the
branch cuts has at least 221 cells using existing approaches in
MAPLE and QEPCAD but only 55 cells using TTICAD.

Assuming R(z) > (z) the sign-invariant CAD increases to 475
cells but the TTICAD decreases to 39 cells! We have developed
new heuristics for formulating problems for CAD.

[§ R. Bradford, J.H. Davenport, M. England, and D. Wilson.
Optimising Problem Formulations for Cylindrical Algebraic
Decomposition.

Proc. CICM 13, (LNCS 7961), pp 19-34, Springer, 2013.
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Challenge

@ One cell in the CAD for Kahan's example is the point
(x,y) =(—9/2,0). Deciding if f = g on this point requires
testing if 2arccosh(2)—arccosh(7) = 0. We have to test
symbolically otherwise we leave the cell.

1
5(z) 05
= 1
05
-1
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Challenge

@ One cell in the CAD for Kahan's example is the point
(x,y) = (—9/2,0). Deciding if f = g on this point requires
testing if 2arccosh(2)—arccosh(7) = 0. We have to test
symbolically otherwise we leave the cell.

@ The cells describing the portions of teardrop have algebraic
sample points, such as

17 7, 25 11
x——4,y—RootOf(—4y —i—a, [—2,—4]>.
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Challenge

There are two sources of spurious cuts in our algorithms:

@ From combinations of functions which have their branch cuts
(or rather the discontinuities in real / imaginary part that they
introduce) cancel. We call these spurious formulation cuts.

@ From the de-nesting procedure producing a SAS describing the
solutions for all roots. We call these spurious de-nesting cuts.

Note that both types can arise in approaches to branch cut
representation.
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The End

Contact Details

M.England@bath.ac.uk
http://www.cs.bath.ac.uk/~me350/

Thanks for listening!
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