Introduction
Machine Learning Experiment
Final thoughts

Using Machine Learning to decide when to
Precondition Cylindrical Algebraic Decomposition
with Groebner Bases

Matthew England Coventry University
Joint work with: Zongyan Huang, Lawrence C. Paulson (Uni.
Cambridge) and James H. Davenport (Uni. Bath)

The 18th International Symposium on Symbolic and
Numeric Algorithms for Scientific Computing
Timisoara, Romania 24-27 September 2016

Supported by EU H2020 project SC? (712689).
Matthew England et al. Using ML to decide when to Precondition CAD with GB



Introduction
Machine Learning Experiment
Final thoughts

Outline

@ Introduction
@ What is a CAD?
® Why compute CAD?
@ Preconditioning with GB

© Machine Learning Experiment
@ Machine Learning
@ Dataset
@ Experimental Details

© Final thoughts
@ Summary and future work
@ Subsequent work on CAD with multiple ECs
@ Other questions of CAD formulation

Matthew England et al. Using ML to decide when to Precondition CAD with GB



© Introduction
@ What is a CAD?
® Why compute CAD?
@ Preconditioning with GB

© Machine Learning Experiment
@ Machine Learning
@ Dataset
@ Experimental Details

© Final thoughts
@ Summary and future work
@ Subsequent work on CAD with multiple ECs
@ Other questions of CAD formulation

«0O» «Fr «=» « Q>

it
-
[y



Introduction What is a CAD?
Machine Learning Experiment Why compute CAD?

Final thoughts Preconditioning with GB
What is a CAD?

A Cylindrical Algebraic Decomposition (CAD) is a mathematical
object (but commonly refers also to an algorithm which creates
one). Defined in the 1970s by George Collins who also gave the
first CAD algorithm.
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What is a CAD?

A Cylindrical Algebraic Decomposition (CAD) is a mathematical
object (but commonly refers also to an algorithm which creates
one). Defined in the 1970s by George Collins who also gave the
first CAD algorithm. A CAD is:
@ a decomposition meaning a partition of R” into connected
subsets called cells;
@ (semi)-algebraic meaning that each cell can be defined by a
sequence of polynomial equations and inequations.
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What is a CAD?

A Cylindrical Algebraic Decomposition (CAD) is a mathematical
object (but commonly refers also to an algorithm which creates
one). Defined in the 1970s by George Collins who also gave the
first CAD algorithm. A CAD is:

@ a decomposition meaning a partition of R” into connected
subsets called cells;

@ (semi)-algebraic meaning that each cell can be defined by a
sequence of polynomial equations and inequations.

@ cylindrical meaning the cells are arranged in a useful manner -
their projections (relative to a given variable ordering) are
either equal or disjoint.
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Sign-invariance

Traditionally a CAD is : 2
produced from a set of :
polynomials such that each
polynomial has constant
sign (positive, zero or
negative) in each cell. Such
a CAD is said to be

sign-invariant.
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How to build a CAD?

Projection: Apply an operator to the input polynomials in R” to
receive a set in R"~1. Repeat.

Base: Build CAD of R! sign-invariant for univariate polynomials by
isolating their real roots.

Lifting: Identify cells in R? by: taking each cell in R!; evaluating
bivariate polynomials at sample point; isolating real roots. Repeat.

The key mathematics is proving

R" R"
that working at a sample point
Projection . . .
guarantees sign-invariance over
R"‘—l Lifting B™ whole cell. Requires appropriate
! ' projection operator (usual
v Base 1 ingredients: resultants,
R? R1

discriminants and coefficients).
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Why build a CAD?

The original motivation for CAD was Quantifier Elimination (QE).

Given a polynomial formula with quantifiers V (for all) or 3 (there
exists) QE means identify an equivalent quantifier free formula.

Bx)(x*+ax+b=0) <= a°>—4b>0

A CAD for the polynomials involved can perform QE over real
numbers;
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Why build a CAD?

The original motivation for CAD was Quantifier Elimination (QE).

Given a polynomial formula with quantifiers V (for all) or 3 (there
exists) QE means identify an equivalent quantifier free formula.

Bx)(x*+ax+b=0) <= a°>—4b>0

A CAD for the polynomials involved can perform QE over real
numbers; thus solve problems throughout engineering & science.

@ derivation of optimal numerical schemes (Erascu-Hong, 2014)
artificial intelligence (Todai Robot Project)
automated theorem proving (Paulson, 2012)
parametric optimisation (Fotiou et al., 2005)
automated loop parellisation (Grosslinger et al. 2006)
epidemic modelling (Brown et al., 2006)
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Truth Invariance

Why not build a CAD? Because it is worst case doubly
exponential complexity and in practice you do experience it. Hence
we must optimise how we apply CAD.
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Truth Invariance

Why not build a CAD? Because it is worst case doubly
exponential complexity and in practice you do experience it. Hence
we must optimise how we apply CAD.

Sign-invariant CAD is more than needed for most applications.
More appropriate is a CAD truth-invariant for formulae.

@ Implied by sign-invariance of polynomials in formulae;

@ But can usually be achieved with far less cells.
Approaches to achieve truth-invariance:

@ Refine sign-invariant CAD once produced;

@ Terminate lifting once truth determined;

@ Adapt projection according to formula structure.

Matthew England et al. Using ML to decide when to Precondition CAD with GB



Introduction What is a CAD?
Machine Learning Experiment Why compute CAD?
Final thoughts Preconditioning with GB

Equational Constraints

An Equational Constraint (EC) is a polynomial equation logically
implied by a Quantifier Free Tarski Formula (QFF). Reduced
projection operator for first projection validated by McCallum in
1999. Subsequent work followed for further projections.
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implied by a Quantifier Free Tarski Formula (QFF). Reduced
projection operator for first projection validated by McCallum in
1999. Subsequent work followed for further projections.

Idea: Since we are identifying ECs why not replace them the set of
them with their GB?
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Equational Constraints

An Equational Constraint (EC) is a polynomial equation logically
implied by a Quantifier Free Tarski Formula (QFF). Reduced
projection operator for first projection validated by McCallum in
1999. Subsequent work followed for further projections.

Idea: Since we are identifying ECs why not replace them the set of
them with their GB?

l.e. let E ={ej,ep,...} be a set of polynomials; G = {g1,8,...}
a GB for E; and B any Boolean combination of constraints. Then

®=(eg=0ANe=0A...)A B and
V=(g=0Ag=0A...)AB

are equivalent and a CAD truth-invariant for either could be used
to solve problems involving @ (such as eliminating any quantifiers
applied to ®). So is it worth producing G?

Matthew England et al. Using ML to decide when to Precondition CAD with GB



Introduction What is a CAD?
Machine Learning Experiment Why compute CAD?
Final thoughts Preconditioning with GB

History of this Idea |

[@ B. Buchberger and H. Hong.

Speeding up quantifier elimination by Grébner bases Tech.
Report, 91-06. RISC, Johannes Kepler Uni, 1991

The report studied 10 test problems:

@ 6 were improved by the GB preconditioning (speed-up from
2-fold to 1700-fold)

@ 1 problem resulted in a 10-fold slow-down.

@ 1 timed out when GB preconditioning was applied but CAD
could be computed without.

@ 2 were intractable both for CAD and GB.
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History of this Idea Il

[ D.J. Wilson, R.J. Bradford, and J.H. Davenport.
Speeding up cylindrical algebraic decomposition by Grébner
Bases. In Intelligent Computer Mathematics (LNCS 7362),
pages 280-294. Springer, 2012.
Authors revisited the test problems:
@ Now GB step trivial for all problems.
@ Two of the problems had CAD hindered by GB.
@ Dataset widened; different CAD implementations considered -
still, preconditioning usually helped, but sometimes hindered.
Authors developed a metric: TNoI(A) =3 ,.4NoI(a)
where NoI is number of indeterminants and A set of polynomials.
Heuristic is to use GB for CAD if TNoI decreased. However, the
heuristic does not always make the correct choice.
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Description of present paper

The present paper applies machine learning (in the form of a
support vector machine) to decide when it is beneficial to
preprocess CAD with GB.

Reasonable Assumption: Computing a GB for the ECs is trivial
for any problem on which the CAD is tractable.

Hence the question we answer is not whether to compute a GB but
instead whether we should use the computed GB or discard it.
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What is Machine Learning (ML)?

Programs that learn rules from data. An attractive alternative to
manually constructing such rules when the the underlying
functional relationship is complex.

Rapid expansion in recent years with ML now used in a wide
variety of fields: web search, robotics, natural language processing,

game playing ...
Techniques essentially statistical in nature; but still scope to use
for exact Computer Algebra computations by making decisions

which affect efficiency but not correctness (algorithm parameters,
starting conditions, tuning and selection).
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Support Vector Machines

Support Vector Machines (SVMs) use a kernel function to map
data into a high dimensional feature space in which data is
separated. Operations are performed in feature space at low cost.
Identification and selection of features is key.

Gives a powerful and robust method for both:

Classification: assignment of (training) examples into (usually one
of two possible) classes.

Regression: pattern analysis to classify new examples according
to information built up from classification.

Matthew England et al. Using ML to decide when to Precondition CAD with GB



Introduction Machine Learning
Machine Learning Experiment Dataset
Final thoughts Experimental Details

Prior relevant ML work

M Z Huang, M. England, D. Wilson, J.H. Davenport, L.C.
Paulson and J. Bridge.
Applying machine learning to the problem of choosing a
heuristic to select the variable ordering for cylindrical algebraic
decomposition.
In: Intelligent Computer Mathematics, pp. 92-107. (LNAI,
8543). Springer, 2014.

@ Applied ML to the problem of selecting a pre-existing heuristic
to consult on picking the variable ordering for CAD.
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Prior relevant ML work

M Z Huang, M. England, D. Wilson, J.H. Davenport, L.C.
Paulson and J. Bridge.

Applying machine learning to the problem of choosing a
heuristic to select the variable ordering for cylindrical algebraic
decomposition.

In: Intelligent Computer Mathematics, pp. 92-107. (LNAI,
8543). Springer, 2014.

@ Applied ML to the problem of selecting a pre-existing heuristic
to consult on picking the variable ordering for CAD.

@ SVM based on 11 features of input polynomials (degrees,
prevalence of each variable in monomials / polynomials etc.)

@ On dataset each heuristic did better on non-trivial subset.

@ The ML choice performed better than any one heuristic.
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Another recent relevant paper

G M. Kobayashi, H. Iwane, T. Matsuzaki, and H. Anai.

Efficient subformula orders for real quantifier elimination of
non-prenex formulas.

Mathematical Aspects of Computer and Information Sciences
(MACIS '15), LNCS 9582, pages 236-251. Springer
International Publishing, 2016.

o Applied SVM to suggest the order in which QE should be
performed on sub-formulae of a non-prenex formula.
@ ML choice did better than human generated heuristics.

@ Seeded with the problem features from last paper.
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Dataset |

Machine Learning requires a large dataset for learning; and a
further set for testing the learned choices. The CAD literature does
not contain sufficient examples.
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Dataset |

Machine Learning requires a large dataset for learning; and a
further set for testing the learned choices. The CAD literature does
not contain sufficient examples.

For our 2014 paper we used the nlsat dataset! to learn for the
choice of CAD variable ordering. We tried to use it here also:

@ From this set there were 896 suitable problems: but for each
and every one applying GB was either beneficial or made no

difference.

@ All previous studies, despite concerning only 10-20 examples,
found problems where GB was harmful.

@ So the nlsat dataset while being large is in some sense too
uniform.

'http://cs.nyu.edu/~dejan/nonlinear/
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We decided to generate our own random problems for the
experiment.

@ 1200 problems generated using the random polynomial
generator in MAPLE-17.

@ Each problem had two sets of three polynomials; the first to
represent conjoined equalities and the second for the other
polynomial constraints

@ The number of variables was at most 3; the number of terms
per polynomial was at most 2; the coefficients were integers in
[20, 20]; and the total degree was varied between 2, 3 and 4
(with 400 examples of each).

A time limit of 300 CPU seconds set for each CAD. 1062 problems
finished to form final dataset. Of these, 75% benefited from GB

reconditioning (matching previous findings).
p g( gp g)4D>4@>4i3>4 > Q>
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Dataset |l

We decided to generate our own random problems for the
experiment.

@ 1200 problems generated using the random polynomial
generator in MAPLE-17.

@ Each problem had two sets of three polynomials; the first to
represent conjoined equalities and the second for the other
polynomial constraints

@ The number of variables was at most 3; the number of terms
per polynomial was at most 2; the coefficients were integers in
[20,20]; and the total degree was varied between 2, 3 and 4
(with 400 examples of each).

A time limit of 300 CPU seconds set for each CAD. 1062 problems
finished to form final dataset. Of these, 75% benefited from GB
preconditioning (matching previous findings).
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Experimental Details

o CAD used was from the (default) RegularChains Library of
MAPLE 17.

@ GB command was the default command in MAPLE 17, using
a lexicographical monomial ordering on the same variable
ordering as the CAD.

@ Performance measured by number of CAD cells produced
(thus hardware independent).

Matthew England et al. Using ML to decide when to Precondition CAD with GB
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Experimental Details

o CAD used was from the (default) RegularChains Library of
MAPLE 17.

@ GB command was the default command in MAPLE 17, using
a lexicographical monomial ordering on the same variable
ordering as the CAD.

@ Performance measured by number of CAD cells produced
(thus hardware independent).

@ SVMs created and evaluated using the software SVM-LIGHT.

@ Problems split into 80% training and 20% evaluation
(maintaining the 75:25 GB beneficial ratio).

@ SVM classification done using a Radial Basis Function

o Kernel parameter values set via a grid-search optimisation
along with a five-fold stratified cross validation to maximise
Matthew's Correlation Coefficient.
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Feature Set

28 initial features identified including properties of the input before
and after GB preconditioning (degrees, prevalence of each variable
in monomials / polynomials, TNoI etc.)

Experiments showed:

@ Including features from after the GB improves the accuracy
(and makes a ML choice better than blindly preconditioning).

e Feature selection (narrowing down to just 10 features) allows
for more accuracy than using the whole feature set.

@ Machine learning can make a choice with 79% accuracy:
greater than the 55% accuracy the previously developed
metric TNoI achieved; and the 75% achieved by blindly
preconditioning on this set.

Matthew England et al. Using ML to decide when to Precondition CAD with GB
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Selected Features (ordered by importance)

TNoI after GB.

Number of polynomials after GB.

stds before GB.

log,(TNoI before GB) - log,(TNoI after GB)
Proportion of polynomials with y after GB.
stds after GB.

Proportion of monomials with x after GB.
Max degree of z in polynomials after GB.
Proportion of monomials with z after GB.
log,(stds before GB) - log,(stds after GB)
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Summary and future work

Summary:

o Large dataset of random polynomials validated finding that
preconditioning CAD with GB is usually beneficial but
sometimes detrimental.

@ Machine learning (via SVM) can make the choice of whether
to use the preconditioned input with better accuracy than
previous heuristic (or blindly preconditioning).

@ Feature selection important.
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Summary and future work

Summary:

o Large dataset of random polynomials validated finding that
preconditioning CAD with GB is usually beneficial but
sometimes detrimental.

@ Machine learning (via SVM) can make the choice of whether
to use the preconditioned input with better accuracy than
previous heuristic (or blindly preconditioning).

@ Feature selection important.
Future work:
o Feature selection does not really explain when / why GB
preconditioning is useful.
@ Test on other datasets (possibly from Todai).
@ How to decide on GB preconditioning and other choices (like
variable ordering) in tandem?
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Subsequent work on CAD with multiple ECs

The experiments in this paper were without reference to related
work on CAD with multiple ECs.

[ M. England, R. Bradford and J.H. Davenport.
Improving the use of equational constraints in cylindrical

algebraic decomposition
In Proc. ISSAC '15, pages 165-172. ACM, 2015.

[ M. England and J.H. Davenport
The Complexity of Cylindrical Algebraic Decomposition with

respect to Polynomial Degree
In Proc. CASC '16, LNCS 9890, pages 172-192. Springer, 2016

It is possible that these will affect (increase?) the cases where GB
preconditioning is beneficial. The investigation of this is a topic of
(very near) future work.
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Other choice in CAD

Finally we note that there are lots of choices to be made when
building a CAD other than whether to precondition with GB. E.g.

@ The variable ordering (may or may not be set by application)

@ The choice of which EC to designate (can only have one per
projection). Even when using GB to propagate we may get
several with the same main variable.

@ Order in which polynomials are considered (when using CAD
via Regular Chains).

Or even which CAD implementation to use (there are at least
three in MAPLE alone).

Matthew England et al. Using ML to decide when to Precondition CAD with GB
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Other choice in CAD

Finally we note that there are lots of choices to be made when
building a CAD other than whether to precondition with GB. E.g.

@ The variable ordering (may or may not be set by application)

@ The choice of which EC to designate (can only have one per
projection). Even when using GB to propagate we may get
several with the same main variable.

@ Order in which polynomials are considered (when using CAD
via Regular Chains).

Or even which CAD implementation to use (there are at least
three in MAPLE alone).

@ Can ML help with all these choices?
@ How to make them together?

Matthew England et al. Using ML to decide when to Precondition CAD with GB
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Further Information

Contact Details

Matthew.England@coventry.ac.uk

http://computing.coventry.ac.uk/~mengland/index.html

Thanks for listening!
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