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Abstract

This paper builds and extends on the authors’ previous work related to the algorithmic
tool, Cylindrical Algebraic Decomposition (CAD), and one of its core applications, Real
Quantifier Elimination (QE). These topics are at the heart of symbolic computation and
were first implemented in computer algebra systems decades ago, but have recently
received renewed interest as part of the ongoing development of SMT solvers for
non-linear real arithmetic. First, we consider the use of iterated univariate resultants in
traditional CAD, and how this leads to inefficiencies, especially in the case of an input
with multiple equational constraints. We reproduce the workshop paper [Davenport &
England, 2023], adding important clarifications to our suggestions first made there to
make use of multivariate resultants in the projection phase of CAD. We then consider
an alternative approach to this problem first documented in [McCallum & Brown, 2009]
which redefines the actual object under construction, albeit only in the case of two
equational constraints. We correct an unhelpful typo and provide a proof missing from
that paper. We finish by revising the topic of how to deal with SMT or Real QE problems
expressed using rational functions (as opposed to the usual polynomial ones) noting
that these are often found in industrial applications. We revisit a proposal made in
[Uncu, Davenport and England, 2023] for doing this in the case of satisfiability,
explaining why such an approach does not trivially extend to more complicated
quantification structure and giving a suitable alternative.
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1 Introduction
In this paper we will extend some work on Cylindrical Algebraic Decomposition (CAD)
andQuantifier Elimination for logical formulae with polynomial constraints over the reals
(Real QE). These extensions take the form of tying up loose ends from three papers that
(subsets of) the present authors were involved in. Two of the three papers were published
within the proceedings of the SC-Square Workshop [17,43] and the other was published
earlier on a related topic to the first [36]. All three extensions should be of interest to the
SC-Square community, in particular those working on SMT in non-linear real arithmetic
utilising elements of CAD theory, or on computer algebra for Real QE.
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1.1 Cylindrical Algebraic Decomposition

CAD is an algorithm (and associated mathematical object) that decomposes real space
relative to an input (usually a set of polynomials or a logical formula whose atoms are
polynomial constraints). CAD algorithms usually work through a process of projection
(whereby additional projection polynomials are produced iteratively eliminating variables
in each stage according to a fixed variable ordering) and lifting (where decompositions of
R
i are iteratively produced for increasing i relative to those projection polynomials in the

first i variables of the ordering).
During lifting, each cell inR

i is lifted to a collection (stack) of cells inR
i+1 by evaluating

the polynomials in R
i+1 at the sample point in R

i and then using univariate real root
isolation.We are able to conclude the decomposition over the sample as representative of
the decomposition over the whole cell so long as the polynomials were delineable over the
cell, which informally means they have the same root structure over any point in the cell
(the same number of real roots in the same order). The reader is referred to the collection
[12] for full details.
Over the past decade the theory of CAD has been used and further developed for use in

the context of SMT for non-linear real arithmetic, which is the special case of QE where
all variables are existentially quantified. CAD implementations have been developed that
work more efficiently when used in this context [26]. Further, whole new algorithms have
been developed which use the CAD theory in new ways, e.g. NLSAT [24], NuCAD [6] and
Cylindrical Algebraic Coverings [3,27], in part, due to the SC-Square initiative [2]. We
expect that most of what we develop in this paper for CAD could be adapted for these
other variants.

1.2 Plan and Contributions

We define in Section 2 the notation and theory of resultants needed for the discussions
that follow. In Section 3 we outline how the use of iterated resultants in CAD leads to
factorisations and then in Section 4 we describe how in the case of multiple equational
constraints in the input we could make savings through the use of multivariate resultants.
These three sections reproduce our SC-Square 2023Workshop paper [17] with important
additions to give clarity to the suggested optimisation and the impact it would have,
illustrated by a new example and complexity analysis.
After this, in Section 5, we revisit [36] which described an alternative approach to

make such savings in the case of just two equational constraints. We correct a typo
in the original paper [36], provide a missing proof from that paper, and discuss possible
extensions, thereby laying the foundation for future work in this area.While this is, strictly
speaking, a separate kind of approach with respect to the one described in Section 4, it
does fit within the general framework of exploring the use of multivariate resultants and
discriminants in developing CAD-like algorithms, for use when appropriate, having less
reliance on iterated resultant and discriminant computation.
The original motivation and a common application of CAD is Real QE (for how CAD

may be utilised for this we again refer to the collection [12]). The theory of both CAD
and Real QE is usually expressed in polynomials, however in practice, we are often faced
with problems defined using rational functions. In [43] we proposed two ways that this
could be addressed in the case of SMT for non-linear real arithmetic, i.e. the case where
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formulae are fully existentially quantified. In Section 6 we extend this to the more general
case of Real QE, i.e. for any quantifier structure. We start by noting, via an example, how
the straightforward approach of imposing that the denominator be non-vanishing is not
sufficient for universal quantifiers, before describing a better approach.

2 Resultants
2.1 Univariate Resultants

Consider two polynomials f, g ∈ K [y, x] = K [y1, . . . , ys, x], where K is a field, regarded as
polynomials in x whose coefficients depend on the yj . The (univariate) resultant of these
two polynomials is another polynomial r(y) ∈ K [y] formed of their coefficients that is
equal to zero if and only if f and g have a common root in an extension of K or their
leading coefficients a(y), b(y) both vanish:

r(β) = 0 ⇔ [(∃x ∈ K̄ f (β , x) = g(β , x) = 0) ∨ (a(β) = b(β) = 0)],

where β = (β1, . . . ,βs) ∈ Ks, and K̄ denotes the algebraic closure of K . Resultants
are a widely used tool in symbolic computation, and also in satisfiability checking over
non-linear real arithmetic. In particular, they are a key ingredient of CADwhich tradition-
ally requires many iterated univariate resultant calculations during projection [14]. Basic
algebraic properties of resultants are found in algebra texts such as[16]; for computational
aspects see [13].

2.2 Notation

As usual, we will use res (or resz when we need to make the variable explicit) to denote
the resultant, and disc (or discz) to denote the discriminant, the main tools used in CAD
projection.
The univariate resultant is often defined constructively in relation to the determinant

of the Sylvester matrix of the two polynomials. However, for use in CAD we implicitly
work with a square-free basis (and often an irreducible basis to avoid having to make
retrospective changes when new polynomials are added to the mix1). Thus for use in
CAD we ignore repeated or common factors as in the following example.

Example Let f = x2 − 1 and g = x2 − 2x + 1 which, since they have a common root,
means their resultant using the traditional definition is zero.
However, for CADwe interpret their resultant as resx

(
(x − 1)(x + 1), (x − 1)2

)
and then

since we delete common factors this becomes resx ((x + 1), (x − 1)), which evaluates to 2.

Remark 2.1 When we use the notation res or disc in this paper we will always assume
that common factors have been removed from the input, so as not to make the resultant
zero. Repeated factors can also be removed, since res(f, g2) = res(f, g)2 etc., and we will
assume this has also been done.

2.3 Multivariate Resultants

We are grateful to [33,38] for clear expositions of certain results from [23], which we have
borrowed. The setting is polynomials in x1, . . . , xn with coefficients which are either inde-

1One further advantage of an irreducible basis is described under C in §4.5.
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terminates (of which we can take integer combinations as in Definition 2.2) or elements
of K [y], where K is a field and y represents an s-tuple of different indeterminates.

Definition 2.2 Given r homogeneous polynomials F1, . . . , Fr in x1, . . . , xn, with indeter-
minate coefficients comprising a set A, an integral polynomial T in these indeterminates
(that is, T ∈ Z[A]) is called an inertia form for F1, . . ., Fr if xτ

i T ∈ (F1, . . ., Fr ), the ideal
generated by the Fis, for suitable i and τ .

Van derWaerden [45, §81]2 observes that the inertia forms comprise an ideal I of Z[A],
and he shows further that I is a prime ideal of this ring. It follows from these observations
that we may take the ideal I of inertia forms to be the resultant system for the given
F1, . . ., Fr in the sense that for special values of the coefficients from field K , the vanishing
of all elements of the resultant system is necessary and sufficient for there to exist a
non-trivial solution to the system F1 = 0, . . ., Fr = 0 in some extension of K .
Now consider the case in which we have n homogeneous polynomials in the same

number n of variables [45, §82]. Let F1, . . ., Fn be n generic homogeneous polynomials in
x1, . . ., xn of positive total degrees d1, . . ., dn. That is, every possible coefficient of each Fi
is a distinct indeterminate, and the set of all such indeterminate coefficients is denoted
by A. Let I denote the ideal of inertia forms for F1, . . ., Fn. Proofs of the following two
propositions may be found in [39,45].

Proposition 2.3 [38, Proposition 5] I is a nonzero principal ideal of Z[A]: I = (R), for
some R �= 0. R is uniquely determined up to sign. We call R the (generic multivariate)
resultant of F1, . . ., Fn; and we may write R = res(F1, . . . , Fn).

Proposition 2.4 [38, Proposition 6] The vanishing of R for particular F1, . . ., Fn with
coefficients in a field K is necessary and sufficient for the existence of a non-trivial zero of
the system F1 = 0, . . ., Fn = 0 in some extension of K .

The above considerations also lead us to the notion of a multivariate resultant of n non-
homogeneous polynomials in n−1 variables x1, . . . , xn−1 overK [y], whereK is a field and
y = (y1, . . . , ys) is a list of different indeterminates. Consider a given non-homogeneous
polynomial f (y, x1, . . ., xn−1) overK [y] of total degree d (in the xj indeterminates).Wemay
write f = Hd+Hd−1+· · ·+H0, where theHj are homogeneous of degree j (in the xj). Then
Hd is knownas the leading formof f (with respect to thexj). Recall that thehomogenization
F (y, x1, . . ., xn) of f is defined by F = Hd +Hd−1xn+· · ·+H0xdnn . Let f1, . . ., fn be particular
non-homogeneous polynomials in x1, . . ., xn−1 over K [y] of positive total degrees di (in
the xj), and with leading formsHi,di . We set resx1 ,...,xn−1 (f1, . . ., fn) = res(F1, . . ., Fn) , where
Fi is the homogenization of fi. The following proposition displays a fundamental property
of this multivariate resultant (see proofs in [33,39]).

Proposition 2.5 ([33, Theorem 2.4]) Let K̄ denote the algebraic closure of K . The vanish-
ing of resx1 ,...,xn−1 (f1, . . ., fn) for a particular value y = β in K̄ s is necessary and sufficient
for

(a) either the forms Hi,di (β , x1, . . . , xn−1) to have a common nontrivial zero over K̄ ,
(b) or the polynomials fi(β , x1, . . . , xn−1) to have a common zero over K̄ .

2A less explicit version can be found in [46, §16.5].
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The above proposition is a generalization of Theorem 5 of [13], which is based on the
theory of the univariate (that is, Sylvester) resultant, and was briefly recalled in Section
2.1. For geometric intuition about the above proposition, observe that in the first case,
non-trivial common zeros of the leading forms correspond to the projective solutions on
the hyperplane at infinity; whereas in the second case common zeros of the fi correspond
to the affine solutions of the system.
We note that practical aspects of computing multivariate resultants are discussed in

Chapter 3 (especially Section 4) of [15].

3 Factorisation of Iterated Univariate Resultants
Collins observed and suggested in [14, pp. 177–178] that iterated resultants, where there
are “common ancestors”, tend to factor. This was responded to by van der Waerden in
a personal letter to Collins [47], which comprised relatively intuitive justifications of the
observed factorizations. The letter was studied in the 1990s by onemember of our present
author group, and its content (in part) was formalized in [33] as a collection of generic
factorization theorems. Further developments were reported in [11,28]. The work in [33]
is based on the theory in [45], which [23] notes has been deleted frommore recent editions
(such as [46]). The work in [11] is based on that of [23].
Despite this factorisation being observed since the inception of CAD, and subsequently

proved rigorously, we are not aware of any optimisations in CAD implementations in
regards to it.

3.1 Example

Consider these polynomials:

f = y2 + z2 + x + z − 1,

g = −x2 + y2 + z2 − 1,

h = x2 + y + z.

Under variable ordering z � y � x we may calculate the iterated resultant:

resy(resz(f, g), resz(f, h)) = 5x8 + 16x7 + 14x6 − 2x5 − 12x4 − 8x3 + 3x2 + 2x
= x

(
5x3 + 6x2 − 3x − 2

)

︸ ︷︷ ︸
spurious

(
x2 + x + 1

) (
x2 + x − 1

)
.

︸ ︷︷ ︸
genuine

(3.1)

We define the meaning of the labels “spurious” and “genuine” below. First note that an
alternative computational path may have calculated similarly

resy(resz(f, g), resz(g, h)) = 5x8 + 16x7 + 18x6 + 8x5 − 5x4 − 8x3 − 2x2 + 1
= (

x2 + x + 1
) (
x2 + x − 1

)

︸ ︷︷ ︸
genuine

(
5x4 + 6x3 + x2 − 1

)

︸ ︷︷ ︸
spurious

. (3.2)
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The final choice would have been to calculate,

resy(resz(f, h), resz(g, h)) = 2x4 + 4x3 + 2x2 − 2
= 2

(
x2 + x + 1

) (
x2 + x − 1

)

︸ ︷︷ ︸
genuine

. (3.3)

Up to constants (3.3) divides (3.2) and (3.1), but this need not happen in general. What
does happen in general is that, if we consider a Gröbner Basis,

Basisplex(f, g, h) = {(
x2 + x + 1

) (
x2 + x − 1

)
, y − x, x2 + x + z

}
, (3.4)

then we see that the basis polynomial in x only divides all three iterated resultants and in
fact is resy,z(f, g, h) in the sense of Section 2.3. In this example, it is also (3.3), but again this
need not happen in general.We note that the example calculations in this and subsequent
sections are done in Maple 2023: we provide the Maple worksheet and a pdf printout as
Supplementary Material.
The labels above aremade in regards to the roots of the tagged resultant factors. For (3.1)

and the two alternative computations, the roots of the part we have labelled as “genuine”
are

{x : ∃y∃zf (x, y, z) = g(x, y, z) = h(x, y, z) = 0}. (3.5)

For (3.1), the set of roots of the part we have labelled as “spurious” is the set difference of

{
x : ∃y (∃z1f (x, y, z1) = g(x, y, z1) = 0 ∧ ∃z2 �= z1f (x, y, z2) = h(x, y, z2) = 0)

}
(3.6)

and (3.5). There are slightly different definitions for the two alternatives. They are “spu-
rious” in the sense that they do not extend to form true simultaneous zeros of f, g, h.
Nevertheless, they are x values above which the topology changes, so they cannot always
be discarded. Note that Section 2.3 implies that there is always a neat factorisation (over
Z if that was the original ring) into “genuine” versus “spurious” factors that depend on the
non-eliminated variables: factors that are in the contentwith respect to thenon-eliminated
variables are not considered here, as they do not take part in further projections.

3.2 Effect of the Variable Ordering on the Example

What happens if we take the variables in a different order? In ordering x � y � z we have:

resy(resx(f, g), resx(f, h)) = (z2 − 1)2, (3.7)

resy(resx(f, g), resx(g, h)) = (z2 − 1)4 , (3.8)

resy(resx(h, g), resx(f, h)) = (z2 − 1)4 , (3.9)

and

Basisplex(x,y,z)(f, g, h) = {
z2 − 1, y2 + y + z, x − y

}
. (3.10)

I.e. no spurious roots were uncovered with this ordering. The question of CAD variable
ordering is well studied and known to greatly affect the complexity of CAD both in
practice [20] and in theory [8]. The introduction of spurious factors in some orderings
but not others may be a significant contributing factor to this.
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4 Discarding Spurious Factors in CAD
4.1 Equational Constraints

One situation where the spurious factors can be concluded redundant is the case of CAD
with equational constraints.

Definition 4.1 An equational constraint is an equation whose truth is logically implied
by the input formula under study (either explicitly, appearing as a conjunction to the rest
of the formula, or otherwise implicitly).

Intuitively, the presence of an equational constraint reduces the dimension of the possible
solution set by one, and so we may hope to reduce some of the computation in finding
that solution set accordingly. There has been work to this effect for CAD: starting with
[34] and summarised in [22]. In particular, we utilise later [35] which defined a reduced
CAD projection operator P∗

E (A) for calculating the CAD projection of a polynomial setA
in the presence of an equational constraint whose factors are in E ⊂ A.
Consider the case of k (explicit) equational constraints, along with some additional

constraints, all expressed in variables x1, . . . , xn:

� ≡ f1 = 0 ∧ f2 = 0 ∧ · · · fk = 0 ∧ �(fk+1, . . . , fm). (4.1)

The theory developed in [35] allows us to project with resxn (f1, fi), i > 1, and discxn (fi),
i ≥ 1, as well as various coefficients, which do not contribute to the degree explosion.
In particular, we do not need any res(fi, fj) for 1 < i < j which would be included in
a CAD projection without knowledge of equational constraints. Note that here f1 was
selected as the designated pivot equational constraint for the projection (but any other
equational constraint would have been valid to designate as pivot). We may denote our
first projection set by Jn−1.
After the first projection we cannot use any fi as an equational constraint for the next

projection, however, we can still make savings through the presence of implicit equational
constraints. E.g., since f1 = 0 and f2 = 0, we know that resxn (f1, f2) = 0 also. (In fact, all
the resxn (f1, fi) are equational constraints.) Let us select resxn (f1, f2) as the pivot constraint
at level n−1, and denote this polynomial by g1(x1, . . . , xn−1). Then for the next projection
we may take:

resxn−1 (g1, resxn (f1, fi)), i > 2, (4.2)

resxn−1 (g1, discxn (fi)), i ≥ 1, resxn−1 (g1, c), for all (n − 1)-variate coefficients c ∈ Jn−1,
and discriminants and (enough) coefficients of all elements of Jn−1. Note that we have
presented here a slightly simplified description of the first two steps of the equational
projection scheme by omitting to take explicit account of squarefree (or irreducible) basis
computation at level n − 1; but such basis computation must be performed in practice.

4.2 Projection Complexity with Equational Constraints

Traditional CAD projection to produce a sign-invariant decomposition for a set of poly-
nomials was shown to produce doubly exponentially many polynomials who each have
doubly exponential degree (in both cases taken with respect to the number of projec-
tions). The projection operator from [35] reduces this by taking advantage of equational
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constraints (producing a decomposition truth invariant for the logical formula). See [22]
for a full complexity analysis of the various savings available from equational constraints
to date. To summarise, we can extract savings sufficient to reduce the double exponent in
the number of polynomials, but not their degree.
We reproduce someof this analysis to demonstrate the issuewe try to address in the next

subsection.Wewill observe the growth in projection polynomials, focussing on resultants
and discriminants (ignoring coefficients) and it is these which exhibit degree growth.
Consider (4.1) and assume each fi is of degree at most d (degree taken in each variable

separately). Hence we start withm polynomials of degree d. Using the projection operator
from [35], after the first elimination, we have

resxn (f1, f2), . . . resxn (f1, fm)︸ ︷︷ ︸
(m−1)× degree 2d2

, discxn (f1), . . . discxn (fm)︸ ︷︷ ︸
m× degree 2d(d−1)

. (4.3)

For the sake of simplicity, regard these as 2m − 1 polynomials gi of degree at most 2d2.
Selecting g1 = resxn (f1, f2) as the next designated pivot equational constraint, we have the
following after the second elimination:

resxn−1 (g1, g2), . . . resxn−1 (g1, g2m−1)︸ ︷︷ ︸
(2m−2)× degree 8d4

, discxn−1 (g1), . . . discxn−1 (g2m−1)︸ ︷︷ ︸
(2m−1)× degree 8(d4−d2)

. (4.4)

For the sake of simplicity, regard these as 4m− 3 polynomials hi of degree at most 8d4. If
we follow [35] then wemust select one hi as designated pivot equational constraint for the
third elimination, say h1 = resxn−1 (g1, g2) = resxn−1 (resxn (f1, f2), resxn (f1, f3)), and obtain:

resxn−2 (h1, h2), . . . resxn−2 (h1, h4m−3)︸ ︷︷ ︸
(4m−4)× degree 128d8

, discxn−2 (h1), . . . discxn−2 (h4m−3)︸ ︷︷ ︸
(4m−3)× degree 128(d8−d4)

. (4.5)

The equivalent of (4.2) after k eliminations (i.e. eliminating all equational constraints) has
degreeO(

(2d)d2k
)
(i.e. doubly exponential).

4.3 Suggested Use of Multivariate Resultants

In the setting of (4.1), we are really only interested in the genuine zeros of the equational
constraints, since away from these the formula will be uniformly false and thus further
refinement is unnecessary. Our suggestion is thus to use utilise multivariate resultants for
the designated pivot equational constraints in such cases.
The first and second eliminations will proceed as above, but we can deviate at the third

and subsequent eliminations. As described above, for the third elimination we would
usually designate as pivot equational constraint some

A := resxn−1 (resxn (f1, f2), resxn (f1, fi))

for i > 2 (for simplicity we suggest to take i = 3). However, this is “overkill”, as it includes
the spurious roots defined as in Equation (3.6), as well as the genuine simultaneous roots
of all three polynomials. Instead, let us use

B := resxn−1,xn (f1, f2, fi)



J.H. Davenport et al.Math Comput Sci           (2025) 19:12 Page 9 of 23    12 

(again, with the suggestion to take i = 3) as the designated pivot equational constraint,
which will in general be much shorter.
We note that in the earlier workshop version of this paper [17] we made this suggestion

with somewhat sloppy language. Most importantly3, we did not clarify that we must still
leave all the factors of A within the set of projection polynomials found after the second
elimination, i.e. Jn−2 using the notation from [35]. The suggestion is simply to take the
irreducible factors of B (which are themselves amongst the irreducible factors of A) to
form En−2 in the computation of P∗

En−2
(Jn−2).

We emphasise that we are not changing the set of projection factors, just which fac-
tors are used to form the designated pivot equational constraint. The correctness of this
approach largely rests on the simple fact that B is itself an equational constraint of the
input, albeit an implicit one, opening the door to the use of the existing theory of [35].
A careful reader may notice that the theoretical framework of [35] is not quite adequate

for designating B as a pivot equational constraint at level n − 2. The reason is that [35]
implicitly assumes that any candidate pivot constraint ek at level k (1 < k < n) is a product
of elements of Jk , the set of level k projection polynomials. This was to ensure Ek ⊆ Jk ,
and hence that the subsequent semi-restricted projection was genuinely contained in the
unrestricted one. This appears a problem for us as the multivariate resultant B need not
be a product of elements of Jn−2. Fortunately, we may easily propose a remedy. We
designate en−2 = B and En−2 = {en−2}, and observe Fn−2 ⊆ Bn−2, where Fn−2 and Bn−2
are finest squarefree bases for En−2 and Jn−2, respectively (by [33]). This ensures that the
subsequent semi-restricted projection is genuinely contained in the unrestricted one.

Remark 4.2 The theory of [33,35] is cast in terms of irreducible bases, partly for simplicity
and partly to align with the well-established practice (used in QEPCAD, for example) of
computing an irreducible basis at each level, following projection, on efficiency grounds.
Hence to use this theory, we also need to speak in terms of irreducible bases, as in the
previous paragraph. In terms of implementation, we can use any square-free basis, because
we have justified that its irreducible factors are precisely what we need.
Since factorisation is generally good for efficiency (compare computing res(f1f2, g) with

separately computing res(f1, g) and res(f2, g)), we can see that the primitive really needed
is “half-hearted factorisation”: do a square-free decomposition, and as much more as you
can easily do, which would probably mean giving up at the recombination stage if the
p-adic factors didn’t correspond to true factors over the integers.

The theory of [35] moreover requires that B is order invariant but this will not require
any changes to the projection process: the discriminant of B will be produced already
as it is a factor of the discriminant of A, and similarly for the required coefficient of
the projection factors. With B the designated pivot equational constraint we may query
whether we need to add the resultant of B with A: but note that the intersection of B with
those other factors of A will already be produced as part of the discriminant of A and so
this would obtain no additional projection factors.

3The other omissions in the corresponding statement in [17] concerned the restrictions on i and the variables to
eliminate!
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Thus, our suggestion is valid using the theory of [35] anddoes not produce any additional
projection factors. However, as we will see next, we should get savings by designating this
smaller B as equational constraint instead of A.

4.4 Worked Example

Consider the polynomials

f1 := (z − y)3 + (x − w)3 − (x − 1) y + zw,

f2 := x3 + y3 + z (y − 1) + wx,

f3 := w3 + z3 + wy + zx,

f4 := (z + x)3 + (w + y)3 − zx + wy,

where at least f1, f2 and f3 are equational constraints.
In what follows we do not write out full polynomials for brevity but give the number of

terms in their expanded form and their total degree, D. The corresponding calculations
may be found in the Supplementary Material. The multivariate resultant was calculated
using the third party DR Package of Manfred Minimair [40].

1. Select f1 as the designated pivot equational constraint, and project out w follow-
ing [35]. The polynomials are then resw(f1, fi) and discw(fi). Call these polynomials
g1, . . . , g7.

2. As f1, f2 are equational constraints, so is g1 = resw(f1, f2) = −x9 − 3x6y3 − 3x3y6 − · · ·
︸ ︷︷ ︸

40 terms, D=9

.

We can select this as the designated pivot equational constraint and project out z,
again following [35]. The polynomials are then resz(g1, gi) and discz(gi). Call these
polynomials h1, . . . , h13.

3. h1 = resz(g1, g2) = resz(resw(f1, f2), resw(f1, f3)) is also an equational constraint. This
is −512x81 − 13824x78y3 + · · ·

︸ ︷︷ ︸
3186 terms, D=81

.

Since f1, f2, f3 are all equational constraints, we could select h1 as the designated pivot
equational constraint, which is equivalent to A in (12) in [17].
However, following the suggestion we can instead use the multivariate resultant

ĥ1 = resw,z(f1, f2, f3) = 8x27 + 72x24y3 + 288x21y6 + · · ·
︸ ︷︷ ︸

359 terms, D=27

as the designated pivot equational constraint.
4. h2 = resz(g1, g3) = resz(resw(f1, f2), resw(f1, f4)) is the way f4 appears when it comes

to projecting out y. In fact h2 = 512x81 + 13824x78y3 + · · ·
︸ ︷︷ ︸

3214 terms, D=81

. The options are

resy(h1, h2) = −4.97 · 101265x3894 + · · ·︸ ︷︷ ︸
3651 terms, D=3894

,

resy (̂h1, h2) = −2.6 · 10428x1292 + · · ·︸ ︷︷ ︸
1211 terms, D=1292

,

which already shows substantial advantages. If the fi were denser, the savings in the
number of terms would be greater still.
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5. In contrast to both the above,

resw,z,y(f1, f2, f3, f4) = −2.56 · 1035x70 + · · ·︸ ︷︷ ︸
62 terms, D=70

may be used if f4 were an equation constraint and we were doing further projections.

4.5 Why Keep the Iterated Resultant In the Projection Set?

WhydoesAhave to stay in the projection set,P∗
resxn (f1 ,f2)

(P∗
f1 (F )), rather than being replaced

by B there also? Write A = BCD, where D is the product of those factors of A relatively
prime to B, and C = A/(BD), i.e. the product of factors of B which exist to higher
multiplicity in A than in B. So the question is: “Why can we not ignore C and D?”

C . Let b be a factor of a square-free decomposition of B. Then B will be order-invariant
on the zeros of b. However, A might not be, if B factors further as b1b2, and these
divide A to different multiplicities. This problem is easy to solve, and indeed goes
away if we take an irreducible basis rather than just a square-free basis.

D. The roots of D should correspond to the spurious roots, and thus f1, f2 and fi do not
actually intersect here. This is true, but the assertions in [35] are not about the triple
intersections, even though these are all we care about, so we would have to adjust the
theory developed in [35] and reprove validity. A further potential problem is that,
although D and B are relatively prime, their varieties might still intersect, giving rise
to a change in order of A, but not of B; a potential barrier to proving such validity
given that the correctness of [35] is based on a theory of order-invariance.

In the case of only two equational constraints, a suitable change to the statements from
[35] to let us lift directly to a variety defined by two constraints is given in [36]. We will
revisit that in Section 5.

4.6 Impact on Degree Growth

Does the suggestionof Section 4.3 reduce thedegree growth complexity outlines in Section
4.2?.We saw there that the iterated resultants after k eliminations have degreeO(

(2d)d2k
)
.

In comparison, the theoretical multivariate resultant res(f1, . . . , fk ) has degreeO
(
dk

)
(the

Bézout bound). More precisely, the Dixon multivariate resultant is known to have degree
k !dk (see [25, §4]).
Suppose we instead selected the multivariate resultant h := resxn,xn−1 (f1, f2, f3) as des-

ignated pivot equational constraint for the third elimination. Then instead of (4.5) we
get

resxn−2 (h, h2), . . . resxn−2 (h, h4m−3)︸ ︷︷ ︸
(4m−4)× degree 96d7

, discxn−2 (h1), . . . discxn−2 (h4m−3)︸ ︷︷ ︸
(4m−3)× degree 128(d8−d4)

. (4.6)

Note that while as discussed in Section (4.3), we take the discriminant of the larger h1
rather than that of the smaller h.
At this stage, the saving does not seem great: 96d7 instead of 128d8. This is because no

savings were available for the first and second elimination, with only the third allowing
a smaller designated pivot equational constraint. However, from now on all projections
(until k assuming the k equational constraints were independent) can make use of a
multivariate resultant. So for the fourth elimination we are comparing the use of an
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equational constraint of degree O(d8) if we follow [35], to a multivariate resultant of
degree O(d4) in the form of resxn,xn−1,xn−2 (f1, f2, f3, f4) using this methodology of Section
4.3 (not one of theO(d7) resultants in (4.6)).
In summary, while [21] observed that the use of existing optimisations for k equational

constraints reduces the double exponent of m (the number of polynomial constraints)
from n to n−k ; herewe show that the suggestion in Section 4.3 gives the same reduction in
the double exponent of d (the degree of the constraints) in regards to the nested resultants.
However, the overall degree growth is not controlled due to the discriminants in use. In
Section 5 we consider one alternative that might be pursued in the future to counter this.

4.7 Detecting Spurious Factors

In the examples above the factors were marked as “spurious” or “genuine” via manual
analysis to see if the roots of the factors led to common zeros or not. Are there alternatives
to such manual detection?
We note that in some cases we can discard factors based on their degree, when this

reaches the Bézout bound on the truemultivariate resultant. I.e., if resy(resz(f, g), resz(f, h))
has an irreducible factor of degree> d3, itmust be spurious and can be discarded. Since it
is common for CAD implementation to factor polynomials, this is a cheap, if incomplete,
test.

Example For example, the following three 3-variable polynomials were created randomly
inMaple to have total degree 5. The computations described may be found in the Supple-
mentary Material.

f = −34x2z3 − 20y5 + 7x2y2 − 43y3z + 63x + 16z,

g = 13xz4 − 27z4 − 21xy2 + 30yz − 42x − 81,

h = −65xz4 + 13z5 + 30x3z + 17xy3 + 25yz + 78.

Then resy(resz(f, g), resz(f, h)) factors into a constant times two irreducible polynomials:
one of degree 378 and the other of degree 89.With no further computationwe can identify
the first as spurious since its degree is greater than 53 = 125. The second could be genuine,
or be another spurious factor: we may check manually that it is indeed genuine.

In an example where we have multiple factors below the bound we could work through
them in turn keeping count of the sum of degrees of genuine factors as we uncover then, in
each case reducing the degree bound accordingly for any further factors to be investigated
as genuine.

4.8 Alternative Projection Operators

Though it would have to be proved, it seems very likely that the suggestions and con-
clusions of this section, which were all developed in the McCallum projection theory
[21,32,34,35], would apply also to equational constraints within the Lazard projection
theory [19,37]. Here, equational constraints introduce fresh challenges with “curtains”
[41], similar to the challenges of nullification in [30].
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5 Delineability of Varieties for Equational Constraints
In Section 4, we suggested a fairly simple way to adapt CAD in the case of multiple
equational constraints to avoid some of the spurious roots. The optimisation suggested is
easy to incorporate into existing implementations, and does not require the development
of new theory. However, the savings are essentially limited, as outlined in Section 4.5, to
the projection phase rather than the lifting phase.
An alternative approach was outlined in [36] by one of the present authors for the case

of two equational constraints. Here the authors defined V ⊂ R
r to be the real algebraic

variety defined by the conjunction of the two equational constraints f = 0∧ g = 0, whose
definingpolynomials are in x1, . . . xr . They thendefined anewnotionof the varietyV being
delineable on a cell in R

r−2, with respect to the last two variables xr−1 and xr ; in contrast
to traditional CAD where delineability is defined for a single r-variate polynomial f on a
cell in R

r−1, with respect to the last variable xr . This allowed for the idea of projection
and lifting between R

r and R
r−2 each being a single step.

Along with defining this new delineability concept [36] presented two main theorems.
The first, Theorem 4.1, described conditions that allowed us to conclude delineability of
the variety over the cell. The second, Theorem 4.2, aimed to describe conditions for other
polynomials present to be sign invariant upon the cells of the variety. Together, these
were to validate a new projection operation to use in this case, making use of so-called
generalised resultants and discriminants.
This offers a promising avenue for future development. In this paper we provide some

correction and clarification on those first ideas in [36]. We then formulate and discuss a
conjecture indicating the kind of extension we could aim for.

5.1 Corrected Statement of Theorem 4.2 from (McCallum and Brown, 2009)

The theorems used the notation that x, y and z denote the (r − 2)-tuple (x1, . . . , xr−2),
and the variables xr−1, xr , respectively, with r ≥ 3. We recall for the reader’s convenience
the meaning of key terminology used in stating the theorems. Let f , g and h be r-variate
real polynomials of positive degrees with respect to y and z. LettingR denote R[x] and I
denote the ideal (f, g, fygz − gyfz) ofR[y, z] (where fy, gz , etc. denote partial derivatives), we
call any element of the second elimination ideal J = I ∩R ofR a generalized discriminant
of f and g with respect to y and z; and we call any element of the second elimination ideal
(f, g, h) ∩ R ofR a generalized resultant of f , g and h with respect to y and z.
We further say that the real variety V of f and g is analytic delineable on a submanifold

S of Rr−2 with respect to y and z provided that there exist some k ≥ 0 analytic functions
θj : S → R

2 whose graphs are disjoint such that the portion ofV inside the cylinder S×R
2

is the union of the graphs of the θj (which graphs are called the sections of V over S); and
there exist positive integers m1, . . . , mk such that for every fixed point x ∈ S and every j,
the intersection multiplicity of f (x, y, z) and g(x, y, z) (considered as polynomials in y and
z alone) at the common zero θj(x) ismj . Sections 1 and 2 of [36] contain examples of the
concepts just reviewed.
The first main theorem stated and proved in [36] was as follows.

Theorem 5.1 ([36, Theorem 4.1]) Let f (x, y, z) and g(x, y, z) be relatively prime real poly-
nomials of positive degrees with respect to y and z. Let D(x) be a generalized discriminant
of f and g with respect to y and z and suppose that D(x) �= 0. Let S be a simply connected
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submanifold ofRr−2 such that the total number of common zeros, multiplicities counted, of
f and g in C

2 is finite and constant in S, and D(x) is order-invariant in S. Suppose further
that there is no common zero of the polynomials f, g, fz , fy, gz , gy in the cylinder S × R

2 over
S, where fz, fy, etc. denote partial derivatives. Then the variety V of f and g is analytic
delineable on S with respect to y and z.

The second main theorem of [36] was stated in the following way.

Theorem 5.2 ([36, Theorem 4.2 with omission]) Let f (x, y, z), g(x, y, z) and h(x, y, z) be
real polynomials of positive degrees with respect to y and z. Let R(x) be a generalised
resultant of f and g with respect to y and z, and suppose R(x) �= 0. Let S be a connected
submanifold ofRr−2 on which the variety V of f and g is analytic delineable with respect to
y and z and in which R(x) is order-invariant. Suppose further that there is no common zero
of the polynomials f , g , fz , fy, gz, gy in the cylinder S × R

2 over S. Then h is sign-invariant
in each section of V over S.

The observant reader will notice that h appears nowhere in the hypotheses, other than the
statement of its existence. This makes it unlikely that we could draw conclusions about
it. Indeed, the theorem requires a simple correction (insertion), which is made below in
bold.

Theorem 5.3 ([36, Theorem 4.2 corrected]) Let f (x, y, z), g(x, y, z) and h(x, y, z) be real
polynomials of positive degrees with respect to y and z. Let R(x) be a generalised resultant of
f , g and h with respect to y and z, and suppose R(x) �= 0. Let S be a connected submanifold
of Rr−2 on which the variety V of f and g is analytic delineable with respect to y and z
and in which R(x) is order-invariant. Suppose further that there is no common zero of the
polynomials f , g , fz , fy, gz, gy in the cylinder S ×R

2 over S. Then h is sign-invariant in each
section of V over S.

5.2 Proof of Corrected Theorem 4.2 from (McCallum and Brown, 2009)

The proof of Theorem 4.2 was omitted in [36] due to space constraints of the publication.
For the sake of completeness, we give here the proof of (the corrected) Theorem 4.2.

Proof Let σ be a section of V , determined by the continuous (indeed, analytic) function
θ : S → R

2, where θ (x) = (θy(x), θz(x)) for all x ∈ S. By connectedness of σ , it suffices
to show that h is sign-invariant in σ near an arbitrary point (a, b, c) of σ . That h is sign-
invariant in σ near (a, b, c) follows by continuity of h in case h(a, b, c) �= 0. So henceforth
assume h(a, b, c) = 0. By one of the hypotheses, at least one of ∂f /∂z, ∂f /∂y, ∂g/∂z,
∂g/∂y does not vanish at (a, b, c). Without loss of generality assume ∂f /∂z(a, b, c) �= 0 and
(a, b, c) = (0, 0, 0).
We aim to construct a function R∗, analytic near the origin in complex (r − 2)-space

C
r−2, whose zero set is the projection ontoCr−2 of the portion of the complex variety of f ,

g and h near the origin inC
r . This will require several steps, the first of which is as follows.

Since ∂f /∂z(0, 0, 0) �= 0, we may apply Hensel’s lemma (Theorem 3.1 of [34]) to f near
the origin in complex (r − 1)-space Cr−1. By this lemma we conclude there is a polydisc
�1 about the origin and polynomials in z, f1(x, y, z) = z − ξ (x, y) and f2(x, y, z), whose
coefficients are elements of the formal power series ring R[[x, y]], absolutely convergent
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in �1, such that ξ (0, 0) = 0, f2(0, 0, 0) �= 0, and f = f1f2. Since a function defined as a sum
of a convergent power series is analytic, ξ (x, y) and the coefficients of f2 are analytic in�1.
The reader might guess that we could quickly complete the construction of the desired

function R∗ by setting R∗(x) to be a generalized resultant of f1, g and h with respect to
y and z. However, since f1 is not known to be polynomial in y (though it is in z), such a
proposed definition is not valid. Consequently, a more involved process is needed.
For any δ > 0, we denote by �(0; δ) the disc in C about the origin of radius δ. The

second step of our construction process follows. Put P(x, y) = resz(f1, g) = g(x, y, ξ (x, y)),
for all (x, y) ∈ �1. Where m > 0 denotes the intersection multiplicity of f (0, y, z) and
g(0, y, z) at (0, 0), we may infer that y = 0 is a zero of P(0, y) of multiplicity m (by a slight
extension of Theorem 5.3 of Chapter IV of [48], since the zeros of f are the same as the
zeros of f1 near the origin, and the plane curves f1(0, y, z) = 0 and g(0, y, z) = 0 have
no intersections on the z-axis except at z = 0). Hence, by the (r − 1)-variable analogue
of the Weierstrass preparation theorem (as presented in Lecture 16 of [1]), there is a
polydisc �2 = �′

2 × �(0; δ2) ⊂ �1 about the origin in C
r−1, a polynomial P1(x, y) =

ym + a1(x)ym−1 + · · · + am(x), with the ai(x) ∈ R[[x]], absolutely convergent in �′
2, and

an element P2(x, y) of R[[x, y]], absolutely convergent in �2, such that P1(0, y) = ym,
P2(0, 0) �= 0, and P = P1P2.
To begin the third step of our construction, we put T (x, y) = resz(f1, h). By the Weier-

strass division theorem(Lecture16of [1]), there exists apolydisc�3 = �′
3×�(0; δ3) ⊂ �2,

an element Q(x, y) of R[[x, y]], absolutely convergent in �3, and an element T ∗(x, y) of
R[[x]][y], of degree in y at mostm−1, whose coefficients are absolutely convergent in�′

3,
such that T = P1Q + T ∗. By the analyticity (hence continuity) of the coefficients ai(x)
of P1, and polynomial root system continuity (Theorem (1,4) of [29]), we may if needed
refine�′

3 to a smaller polydisc about the origin to ensure that for every fixed x ∈ �′
3, each

root of P1(x, y) is in �(0; δ3).
We may now complete our construction of R∗: we put R∗(x) = resy(P1, T ∗). We claim

that the zero set of R∗ is contained in the zero set of R in �′
3. The proof of this claim

is as follows. Let α be an element of �′
3 and suppose that R∗(α) = 0. Then there exists

β ∈ C such that P1(α,β) = T ∗(α,β) = 0. Since each root of P1(α, y) is in �(0; δ3), we
have β ∈ �(0; δ3). Hence we can legally substitute (α,β) for (x, y) in the power series
identity T = P1Q + T ∗, from which we deduce T (α,β) = 0. The same substitution in
the power series identity P = P1P2 yields P(α,β) = 0. Hence, with γ = ξ (α,β), we have
g(α,β , γ ) = h(α,β , γ ) = 0. Substitution of (α,β , γ ) into f = f1f2 yields f (α,β , γ ) = 0.
Therefore, by Theorem 2.3 of [36] we have R(α) = 0. The claim is proved.
Next, by Theorem 5.1 of [10], there exists a polydisc�′

4 ⊂ �′
3, an analytic function R′ in

�′
4, and an integer n ≥ 1 such that Rn = R∗R′ in�′

4. Since R and R∗ have real power series
representations, so does R′ (because the imaginary part of the power series expansion for
R′ about the origin must be 0). Therefore, R′ is analytic in the box B′

4 = �′
4 ∩ R

r−2. By
Lemma A.3 of [31], since R is order-invariant in S by hypothesis, R∗ is order-invariant in
S ∩ B′

4. But R∗(0) = 0, since f1, g and h all vanish at the origin. Hence R∗(x) = 0, for all
x ∈ S ∩ B′

4.
We conclude our proof as follows. We claim that for every fixed x ∈ S ∩ B′

4, θy(x) is a
root of P1(x, y) of multiplicity m, hence the unique root of P1(x, y). To prove this claim,
take some fixed x ∈ S ∩ B′

4. Now the intersection multiplicity of the curves f (x, y, z) = 0
and g(x, y, z) = 0 at (θy(x), θz(x)) is m since the intersection multiplicity of f (0, y, z) and
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g(0, y, z) at (0, 0) is m (previously stated) and V is analytic delineable with respect to y
and z on S (a key hypothesis). Therefore y = θy(x) is a root of P(x, y), hence of P1(x, y), of
multiplicity at least m, by a slight extension of Theorem 5.3 of Chapter IV of [48]. Since
degy P1 = m, the root y = θy(x) of P1(x, y) has multiplicity exactly equal to m, and hence
this number is the unique root of P1(x, y). The claim is proved.
Our final claim is that h(x, θy(x), θz(x)) = 0, for all x ∈ S ∩ B′

4. To prove this, take some
fixed x ∈ S ∩ B′

4. Then R∗(x) = 0 (established in the previous paragraph). Therefore,
there exists β ∈ �(0; δ3) such that P1(x,β) = T ∗(x,β) = 0. But y = θy(x) is the unique
root of P1(x, y) (already proved within the previous paragraph). Therefore β = θy(x). We
deduce T (x, θy(x)) = 0 (by substituting (x, θy(x)) into the identity T = P1Q + T ∗). Hence
h(x, θy(x), θz(x)) = 0, by definition of T . Our final claim is proved, and the proof of the
theorem is now complete. ��

5.3 Desired Extension

Let φ∗ be a prenex formula in r ≥ 1 variables of elementary real algebra of the form

(Qs+1xs+1) · · · (Qrxr)φ(x1, . . . xr),

where the quantifiers are all existential or all universal. We suppose that φ contains as a
designated subformula the conjunction of t ≥ 1 equations f1 = 0 ∧ · · · ∧ ft = 0, where
the fi are squarefree and pairwise relatively prime. Furthermore, in case all quantifiers are
existential, we assume φ has the form [f1 = 0∧ · · · ∧ ft = 0]∧ ψ , for some quantifier-free
ψ ; and in case all quantifiers are universal, we assume φ has the form [f1 = 0 ∧ · · · ∧ ft =
0] =⇒ ψ , for some quantifier-free ψ .
We would like to develop CAD-based methods, potentially more efficient than the

original general purpose CAD-based methods, for performing quantifier elimination on
such a formula φ∗. Putting p = r − s for notational convenience, we note that the special
cases p = t = 1 and p = t = 2 have been treated in prior works. Indeed, the former
case is included in [34], and the latter case is the content of [36] discussed above. So, it is
natural to make some guesses about the general family of cases p = t ≥ 1.
For each of the two studied cases p = t = 1 and p = t = 2 there are two key lifting

theorems: one to ensure the delineability of the real variety V of the fi on a submanifold S
ofRs with respect to the last p variables, and the other to ensure that each of the remaining
polynomials is sign-invariant in each section of V over S. For p = t = 2, the theorems
from [36] recalled (and, for the second lifting theorem, proved) in the previous subsection
are these key results.
So, for the general case p = t ≥ 1, we expect to require two similarly worded lifting

theorems. For the first such theorem,wewouldneed anotion of a generalized discriminant
of the t polynomials f1, . . . , ft with respect to the t variables xs+1, . . . , xr . This could be
defined by analogy with the definition for the case t = 2 described in Subsection 2.2
of [36] and recalled in the previous subsection of this paper. We would also need to
define analogously the notion of the analytic delineability of the real variety of the fi on a
submanifold of Rs, with respect to the last t variables. The relevant conjecture is then as
follows.

Conjecture 5.4 Let f1, . . . , ft be relatively prime real polynomials of positive degrees with
respect to xs+1, . . . , xr . Let x denote (x1, . . . , xs). Let D(x) be a generalized discriminant of
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f1, . . . , ft with respect to xs+1, . . . , xr and suppose that D(x) �= 0. Let S be a simply connected
submanifold of Rs such that the total number of common zeros, multiplicities counted, of
the fi in C

t is finite and constant in S, and D(x) is order-invariant in S. Suppose further
that there is no common zero of the polynomials fi and their first derivatives with respect
to the last t variables in the cylinder S × R

t over S. Then the variety V of the fi is analytic
delineable on S with respect to the last t variables.

We aim to prove this by suitably extending the proof of Theorem 4.1 from [36]. The
second general lifting theorem whose need is anticipated would then be obtained by
straightforward generalization of Theorem 4.2 of [36].

6 Rational Functions as Input
The theory of CAD is cast in terms of polynomials, but in practice, problems are often
presented involving rational functions.Howshouldwe reconcile this?TheSMTLIB format
[5] only allows polynomial constraints, and the same is true of, for example, the Tarski
system [44].
In the “New Perspectives in Symbolic Computation and Satisfiability Checking”

Dagstuhl 2022 meeting [4] allowing rational functions in the SMTLIB format and let-
ting SMT-solvers handle them were discussed openly, following the talk of Duterte [4,
§3.10] . The main two concerns raised against allowing rational functions in SMTLIB
language were “What would happen if a solver re-packages and does arithmetic with an
object of the form x/0?” and “What if the solver splits the problem and, on a branch not
directly related to the rational function, finds an assignment that makes the rational func-
tion undefined?” It was also made clear that defining objects of the form x/0, even when
they respect equalities (i.e. x = z ⇔ x/0 = z/0), can be lead to proving wrong results.
These concerns demotivated the cohort to work on the problem, let alone to come up
with a unified solution.
In the context of real satisfiability problems, these questions were addressed in an SC-

Square 2022 Workshop paper by three of the present authors [43] who introduced and
compared two approaches, which we will recap shortly. Their approach was to interpret
andpreprocess rational functions in amathematically consistentway tomake the semantic
concerns of the previous paragraph extraneous. The formal manipulations suggested are
easy to be carried out by SMT-solvers and this way rational functions can be allowed
in SMT format as valid input. While valid for the fully existential context of SMT, the
discussion in [43] will be shown to be incomplete. We introduce the problem and provide
a proposed solution in this section for any quantification structure.

6.1 The Problemwith Supposing Non-Zero Denominators

The material in this subsection was produced following an email we received from Chris
Brown [7] stimulated in turn by a conversation he had with Zoltan Kovács: Zoltan wants
to be able to send rational formulas to the Tarski software from his GeoGebra Discovery
software [9]. He suggested adding the requirement of non-vanishing denominators but
Chris noted the problems with this by means of the following example.
Suppose the procedure is that, for a given atom A which involves a non-trivial denom-

inator D, we consider instead Ā ∧ D �= 0, where Ā is some simplification of A that is
polynomial, e.g. multiplying up by the denominatorD. Let us follow this procedure, look-
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ing at the problem

∀x
[
1
x2

≥ 0
]
.

So the procedure lead us to study

∀x [
x2 �= 0 ∧ 1 ≥ 0

]
.

For x = 0, the statement on the line above is false (from the first clause). Consider next
the negation of our original example: ∃x [1/x2 < 0]. The same procedure would lead us
to study

∃x [
x2 �= 0 ∧ 1 < 0

]
,

which is also false (this time from the second clause). We cannot have a statement and its
negation both false, which implies that the procedure was not a logical implication.

6.2 Restricted Domains and Conditional Universal Quantification

The procedure above does not take into account that the original rational functions are
defined on restricted domains. The problem ∀x[1/x2 ≥ 0] needs to be addressed within
the domain of 1/x2, where all the points on which it is not defined (only x = 0 in this
case) should be left behind.More generally, we should be studying the following restricted
quantification structure:

∀x, for which A is defined︸ ︷︷ ︸
condition

, A.

However, most Quantifier Elimination procedures do not support such a statement
directly. The logical reduction of a conditional ∀ statement is an implication, which turns
this problem to

∀x ∈ R, A is defined ⇒ A.

Recall that logical implicationsmake no assertion onwhat happens when the hypothesis is
false. I.e. one can replace the “A is defined ⇒′′ directly with the conditions on the domain.

6.3 Prior Work on Denominators

Rational functions and how to deal with the possible zeros of the denominators in the
context of SMT for non-linear real arithmetic calculations have been a part of the SC-
Square conversation, at least since the Dagstuhl 2022meet [4]. This led to the inclusion of
Section 3 of our 2022 paper [43] where we discussed how the problem could be handled
in at least two ways, and further that the choice of approach led to different conclusions
on the subsequent best SMT solver.
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Given polynomials f (�x, y), g(�x, y) ∈ Z[�x, y], with f (�x, y)/g(�x, y) in minimal terms4, we
suggested two possible equivalences:

∃y
[
f (�x, y)
g(�x, y) σ 0

]
⇐⇒ ∃y[g(�x, y) �= 0 ∧ f (�x, y)g(�x, y) σ 0],

∃y
[
f (�x, y)
g(�x, y) σ 0

]
⇐⇒ ∃y[(g(�x, y) > 0 ∧ f (�x, y) σ 0) (6.1)

∨(g(�x, y) < 0 ∧ 0 σ f (�x, y))], (6.2)

where in both cases σ is a relation operator from {=, �=,>,<,≤,≥}.
We argue now that these simplifications proposed in [43] both take into account the

implied conditions on the domain and thus do not suffer from the issues of the preceding
sections.
Any problem involving only polynomials has the whole of R for each variable as its

domain. However, while handling rational functions, under the hood, we have to deal
with the domain of functions f /g . I.e., ∃y[f (�x, y)/g(�x, y) σ 0] does not translate to ∃y ∈
R[f (�x, y)/g(�x, y) σ 0], but instead translates to

∃y ∈ {z : g(�x, z) �= 0)}
[
f (�x, y)
g(�x, y) σ 0

]
.

However, this is exactly the same as

∃y
[
g(�x, y) �= 0 ∧ f (�x, y)

g(�x, y) σ 0
]
,

and thus the simplifications from [43] are faithful to the domains of the rational functions.
In other words, we maintain the validity of (6.1) and (6.2).
We did not run into the same problems as Section 6.1 because we considered only

existential quantification.

6.4 Universal Quantification and Denominators

Now consider a rational function constraint under universal quantification:

∀y
[
f (�x, y)
g(�x, y) σ 0

]
.

As outlined in Section 6.2 this should actually be read as

∀y ∈ {z : g(�x, z) �= 0)}
[
f (�x, y)
g(�x, y) σ 0

]
.

Then its logical equivalence with an unconditional quantification must use implication to
avoid making a statement when the denominator vanishes:

∀y
[
g(�x, y) �= 0 ⇒ f (�x, y)

g(�x, y) σ 0
]
,

⇐⇒ ∀y
[
¬ (g(�x, y) �= 0) ∨ f (�x, y)

g(�x, y) σ 0
]
,

⇐⇒ ∀y
[
g(�x, y) = 0 ∨ f (�x, y)

g(�x, y) σ 0
]
.

4i.e. there is no (�x, y) such that both f (�x, y) = 0 and g(�x, y) = 0 together.
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This then can be rewritten as

∀y
[
g(�x, y) = 0 ∨ f (�x, y)

g(�x, y) σ 0
]

⇐⇒ ∀y [
g(�x, y) = 0 ∨ f (�x, y)g(�x, y) σ 0

]
(6.3)

and

∀y
[
g(�x, y) = 0 ∨ f (�x, y)

g(�x, y) σ 0
]

⇐⇒ ∀y [
g(�x, y) = 0 ∨ (g(�x, y) > 0 ∧ f (�x, y) σ 0) ∨ (g(�x, y) < 0 ∧ 0 σ f (�x, y))]

(6.4)

analogous to (6.1) and (6.2), respectively.

6.5 Solving the Problem in Section 6.1

To finish this section let us readdress the example introduced in Section 6.1. In the
first step below we make explicit the restricted domain and in the second we apply the
universal quantification equivalent of (6.1), the first of the two approaches to clearing the
denominator from [43].

∀x
[
1
x2

≥ 0
]

⇐⇒ ∀x
[
x2 �= 0 ⇒ 1

x2
≥ 0

]

⇐⇒ ∀x [¬(x2 �= 0) ∨ x2 ≥ 0
]

⇐⇒ ∀x [
x2 = 0 ∨ x2 ≥ 0

]
.

The final line can be clearly seen as true for every x ∈ R. If we consider the negation of
the original example then we analyse this as in Section 6.1 and find it false. This time the
problem and its negation are not the same.
If we had followed instead the universal equivalent of (6.2), we would get

∀x
[
1
x2

≥ 0
]

⇐⇒ ∀x
[
x2 �= 0 ⇒ 1

x2
≥ 0

]

⇐⇒ ∀x [¬(x2 �= 0) ∨ (
(x2 > 0 ∧ 1 ≥ 0) ∨ (x2 < 0 ∧ 1 ≤ 0)

)]

⇐⇒ ∀x [
x2 = 0 ∨ (x2 > 0 ∧ 1 ≥ 0)

]
,

which is also true for all x ∈ R.

7 FutureWork
7.1 Iterated Resultants for CAD

The work in Section 4 looked only at the resultants, not the discriminants, and indeed
only at resultants of resultants. Undoubtedly something similar could be said about, for
example,

resy(resz(f, g), discz(f )). (7.1)

We may observe that, in the case of the polynomials from Section 4.7, the evaluation of
(7.1) has a non-trivial square-free decomposition: in this case a polynomial of degree 58
times the square of another polynomial of degree 58. In fact, there is a known generic
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factorization theorem pertaining to (7.1): generically, the square of resy,z(f, g, ∂f /∂z) is a
factor of (7.1) [11,33]. We would need a complete solution, applicable in the generic and
non-generic cases, for the construction of (7.1), and for resultants of discriminants, dis-
criminants of resultants, discriminants of discriminants, etc., in order to firmly conclude
a reduction in the worst-case degree growth.
Further, if we look again at (3.3) from the example in Section 3, we see that this polyno-

mial, which is the “genuine” part, factors further, and one factor has no real roots. Hence
this factor can be discarded, though there is not much benefit, since we are at the univari-
ate phase. Nevertheless, this shows that even the “genuine” part may still be overkill for
real geometry. Can we

a) detect that a factor of a resultant etc. has no real components; and
b) use this to further reduce the polynomials? Furthermore,
c) can we make any meaningful statement about the complexity implications of this?

Another avenue for future work is to generalise the ideas of Sections 4 and 5 beyond the
case of two or three equational constraints, moving toward a k-step projection in some
sense where k is informed by the number of equational constraints present. Once that is
done, theoretical and empirical comparison of the approaches of Sections 4 and 5 would
be most interesting to carry out.

7.2 Iterated Resultants in CAD Variants

Over the past decade the theory of CADhas been usedwithin a variety of other algorithms,
e.g. NLSAT [24], NuCAD [6] and Cylindrical Algebraic Coverings [3,27]. These were
developed for, or inspired by, the ideas in the satisfiability checking community. It would
be natural to ask whether the optimisations described here for CAD would also apply for
these other algorithms.
With Cylindrical Algebraic Coverings [3], each polynomial has (at least one) explicit

reason for being where it is in the computation. For example, resxn (f1, f2) might be in the
computation because of a specific root α, where it is the case for xn−1 > α (until the
next point) the regions ruled out by f1 and f2 overlap, whereas for xn−1 < α we need a
further reason to rule out regions. The same might be true of resxn (f1, f3), needed because
of a specific root β . Then (4.2) tracks where α and β meet. Hence in this context we
are interested only in genuine roots, and again we can replace (4.2) by res(f1, f2, fi). Such
ideas would need to be worked through precisely with an implementation of the coverings
algorithm.
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